Lattice-based peridynamic modeling of linear elastic solids by Rahman, A.S.M.
University of New Mexico
UNM Digital Repository
Civil Engineering ETDs Engineering ETDs
7-2-2012
Lattice-based peridynamic modeling of linear
elastic solids
A.S.M. Rahman
Follow this and additional works at: https://digitalrepository.unm.edu/ce_etds
This Thesis is brought to you for free and open access by the Engineering ETDs at UNM Digital Repository. It has been accepted for inclusion in Civil
Engineering ETDs by an authorized administrator of UNM Digital Repository. For more information, please contact disc@unm.edu.
Recommended Citation
Rahman, A.S.M.. "Lattice-based peridynamic modeling of linear elastic solids." (2012). https://digitalrepository.unm.edu/ce_etds/67
i 
 
         
  
     A. S. M. Asifur Rahman      
       Candidate  
      
     Civil Engineering   
     Department 
      
 
     This thesis is approved, and it is acceptable in quality and form for publication: 
 
     Approved by the Dissertation Committee: 
 
               
     Walter H. Gerstle   , Chairperson 
  
 
     Timothy J. Ross      
 
 
     Mahmoud R. Taha      
 
 
           
 
 
           
 
 
           
 
 
            
 
 
            
 
 
            
 
 
  
    
  
  
ii 
 
  
  
  
 
LATTICE-BASED PERIDYNAMIC MODELING OF  
LINEAR ELASTIC SOLIDS 
 
 
by 
 
 
ASM ASIFUR RAHMAN 
 
B.Sc. in Civil Engineering 
Bangladesh University of Engineering & Technology 
 
 
 
 
 
 
 
 
Thesis 
 
Submitted in Partial Fulfillment of the 
Requirements for the Degree of 
 
Master of Science 
In 
Civil Engineering 
 
The University of New Mexico 
Albuquerque, New Mexico 
 
 
May, 2012 
 
 
 
 
 
iii 
 
 
 
 
 
 
 
 
© 2012, ASM Asifur Rahman 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
iv 
 
 
 
 
 
 
 
 
DEDICATION 
 
 
 
To my mom who fought well against cancer 
 
 
 
 
 
 
 
 
 
 
 
v 
 
 
 
ACKNOWLEDGEMENTS 
 
 
I owe my utmost gratitude to Professor Walter H. Gerstle, my advisor, for his 
patience, support, and guidance during the time of my research. I would also like to 
express gratitude to Professor Timothy J. Ross and Professor Mahmoud Reda Taha for 
their valuable suggestions and being the members of my thesis committee. Also, I thank 
the Center for Advanced Research Computing (CARC) for the use of facilities and help 
in harnessing the supercomputers. Lastly, I offer my regards and blessings to my family, 
my friends, and all of those who supported me in any respect during the completion of 
my thesis. 
 
 
 
 
 
   
vi 
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ABSTRACT  
 Concrete is a complex material often used in civil engineering structures. This 
quasi-brittle material, when reinforced with steel, develops cohesive cracks under loading 
even though it has adequate strength to carry service loads. Concrete often cracks even 
before the application of load, due to temperature changes and shrinkage. The 
displacement field in the structure drastically changes as the cracks initiate and 
propagate. Thus, concrete fails to satisfy the most fundamental assumptions of continuum 
mechanics.  
To overcome the limitations of continuum mechanics, Silling introduced the 
peridynamic method in 1998. Gerstle and his colleagues generalized the peridynamic 
model in 2007, introducing the micropolar peridynamic model by considering not only 
the forces between the particles but also the moments. Both the peridynamic and the 
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micropolar peridynamic model require huge amounts of computational effort to analyze 
even simple civil engineering problems as they require many particles and associated 
force computations.  
The present work specializes the micropolar peridynamic model by assuming that 
the particles are arranged in a lattice configuration. The peridynamic lattice requires 
fewer force calculations than previous computational implementations of the peridynamic 
model. Using this newer technique, with a micropolar peridynamic force model, we have 
a model that is both mathematically and physically defensible and simple to model on a 
computer.  
Concrete is a material which has limited resolvability, which means that, a very 
sharp corner or a very thin section is not possible to manufacture because of limitations 
associated with the aggregate size. In this context, the lattice-based peridynamic model is 
essentially appropriate for modeling concrete structures.         
This thesis presents the fundamental assumptions for developing the lattice-based 
linear elastic peridynamic model. The microelastic constants for the lattice micropolar 
peridynamic model are derived and successfully implemented. A convergence study 
demonstrates the accuracy of this model. The results are compared to a previous version 
of the peridynamic model.  
Only linear elastic behavior is considered in this study. A damage model must still 
be developed for the application of this method to reinforced concrete structures.   
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Chapter 1 
Introduction 
1.1 Motivation 
 Concrete is a widely-used material for constructing civil engineering structures. 
Though concrete is used widely and there is no alternative material which can replace it, 
precise analysis of concrete structures is elusive. The analysis difficulty arises because 
concrete is a quasi-brittle material. Reinforced quasi-brittle materials develop cohesive 
cracks even at service loads. But the formation of cracks drastically affects the 
displacement and stress fields. In fact, concrete often develops cracks even before the 
application of load. Shrinkage and temperature changes often cause sufficient tension in 
concrete to cause cracking. Therefore, the assumption that concrete acts as a continuum is 
not appropriate. Besides, concrete is a material which has limited resolvability which 
means that a very sharp corner or a very thin section is not possible to manufacture 
because of limitations associated with the aggregate sizes.   
 The existing methods for analyzing quasi-brittle materials like concrete can be 
mainly categorized as continuum and discrete. Continuum mechanics and the finite 
element method are remarkable advancements. As mentioned earlier, problems appear 
when damage is involved, which violates the basic assumptions of continuum mechanics. 
This problem motivated researchers to develop new techniques such as the discipline of 
fracture mechanics. The smeared crack approach, the discrete crack approach, and the 
discrete element approach are among the fracture mechanics models. Molecular 
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dynamics has also been used for the analysis of quasi-brittle materials. This method 
involves the integration of Newton’s equations for an assembly of particles or a group of 
atoms, which demands a huge amount of computational power. Molecular dynamics is 
impractical for modeling structures with more than a billion atoms. For example, a 6m x 
0.6m x 0.3m concrete beam contains approximately 1028 atoms (based on the atomic 
spacing of silica), and therefore molecular dynamics is impractical. A unified, 
conceptually simple, and general method called “peridynamics” is discussed next.  
1.2 The peridynamic model 
 To overcome the limitations associated with the models based on continuum and 
fracture mechanics, Silling, at Sandia National Laboratories, introduced the peridynamic 
model [Silling 1998]. The term “peridynamic” is composed of the Greek words “peri”, 
meaning “near”, and “dynamic”, meaning “force” [Silling 1998]. Silling’s peridynamic 
model does not assume spatial differentiability of the displacement field and permits 
discontinuities to arise as part of the solution [Silling 1998]. This theory is non-local, and 
it can be thought of as a generalization of classical theory of elasticity [Silling 1998]. In 
peridynamics, the material domain is considered as an infinite number of infinitesimal 
interacting particles. Particles closer than a particular distance, called the material 
horizon, interact with each other by empirical relations and their movement follows 
Newton’s second law.   
Silling’s original bond-based peridynamic model [Silling 1998] was only able to 
model materials with a Poisson’s ratio of 1/4, which can be seen as a drawback of the 
method. To overcome this limitation, the method was altered by Sau [Sau 2009] and 
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Gerstle and his colleagues [Gerstle et al. 2007, 2007(a), 2007(b)], and named the 
“micropolar peridynamic model”. The micro-polar peridynamic model is able to model 
materials with Poisson’s ratios different from 1/4 by allowing moment densities in 
addition to force densities to interact between particles. Also, the particles are endowed 
with rotational degrees of freedom. This method is a generalization of Silling’s original 
peridynamic method [Silling 1998]. Although the micropolar peridynamic model is an 
important success, considering the computational cost, the requirement for further 
simplification of the original peridynamic method seemed to be necessary. The present 
thesis dispenses with continuous geometry completely. Instead the material domain is 
represented as a discrete lattice of particles, as discussed next.  
1.3 The lattice based peridynamic model 
 In this thesis a specialization of the peridynamic model called the “lattice-based 
peridynamic model” is established. The micropolar peridynamic model considers a 
region in the space called the material horizon, within which the material particles 
interact with each other. The present thesis considers a material lattice with a specified 
spacing, ܵ as the material domain. The material horizon is just slightly larger than ܵ, thus 
reducing the number of particle per computational step to be dealt with. This ultimately 
results in a reduced computation cost. Using this newer technique, with a micropolar 
peridynamic force model, we finally have a model that is both mathematically and 
physically defensible and simple to model on a computer.   
A simple Matlab program modeling a 2D close-packed lattice peridynamic model 
was developed in this study. This program is suitable to analyze small problems. For 
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analyzing a static cantilever beam problem with 300 particles, this program took about 25 
minutes for a HP Notebook PC with a core 2 duo processor. Clearly, for a large-scale 
problem, for example a problem with 60 x 200 particles, the total number of particle 
being approximately 12000, this program is not suitable. Therefore, to incorporate larger 
scale problems, this study adopted pdQ, a previously developed parallel program written 
in FORTRAN 90, as the main computation model [Sakhavand 2011].  
Only linear elastic models are considered in the present study. A damage model 
will be introduced in the near future by Tuniki to represent crack initiation and 
propagation in quasi-brittle materials. The lattice-based peridynamic model is applied to 
estimate the deformation of a cantilever beam. The results show better efficiency over the 
conventional micropolar peridynamic model. Figure 1.1 shows the elastic deflected shape 
of a cantilever beam modeled using the lattice-based peridynamic method.  
 
      
 
 
 
 
 
Figure 1.1 Deflected shape of 100x30 inch cantilever beam. 
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Another important objective of this thesis is to establish the micro-elastic 
constants for the proposed peridynamic lattice. These are developed and applied in the 
analysis models.  
1.4 Scope of this study 
 In this thesis, a new lattice-based micropolar peridynamic model is introduced. 
This model proved to be more efficient than previous implementations of the 
peridynamic model. Furthermore, this model reduced the number of force computations, 
and thus resulted in increased efficiency.  
 This thesis includes five chapters: Introduction, Literature Review, Theory of 
Lattice-Based Peridynamic Model, Convergence Study, and Conclusions. An appendix is 
also included to incorporate example Matlab code.  
Chapter Two, the literature review, summarizes theories of peridynamics and their 
relations to the present study. The basic theory of peridynamics, the development of the 
micropolar peridynamic model, and the lattice model are the main features of this 
chapter. Previously derived relationships between macro and micro elastic constants are 
also summarized in this chapter.  
Chapter Three introduces the theory of the lattice-based peridynamic model. The 
relationship between macro and micro elastic constants are also derived for the closed-
packed lattice micropolar peridynamic model. 1D, 2D and 3D lattices are considered.  
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Chapter Four presents a convergence study. For two benchmark problems, model 
results are also compared to analytical results to understand the degree of accuracy of the 
lattice-based peridynamic model.  
Chapter Five is the concluding chapter for this thesis. This chapter summarizes 
the contribution of this thesis to the field of computational mechanics.  
Finally, the appendix is included to present example Matlab code for computation 
of micro-elastic constants in terms of conventional elastic constants. 
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Chapter 2 
Literature Review 
2.1 Introduction 
 This chapter presents a summary of peridynamic modeling techniques. Lattice 
models of materials are also reviewed.  
2.2 Why Peridynamics?  
 Concrete, a universal structural material, is difficult to model because of its strain-
softening characteristics. In a material like reinforced concrete, strain localization occurs 
before the strength limit is reached, which results in cracks and shear bands. To prevent 
excessive deformation due to these cracks and shear bands, reinforcing steel is used. Due 
to the complexity of the interaction between the concrete and the reinforcing steel, a large 
number of cracks can form at significantly differing size scales.  Cracks can be modeled 
using finite element approaches such as the discrete crack model and the smeared crack 
model. In the discrete crack model, the geometric continuum is altered to allow cracks to 
be modeled as parts of the domain boundary. On the other hand, in the smeared crack 
model the material properties are changed to reflect the presence of damaged material 
regions. Neither method is satisfactory for modeling reinforced concrete structures.  
Continuum mechanics assumes a spatially continuous material with a 
differentiable displacement field. The spatial derivatives of the displacement field are 
used to compute the strains. Hooke’s law or some other nonlinear constitutive relations 
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are used to relate stresses and strains. Newton’s second law of motion is then applied to a 
differential body and differential equations of either a static or dynamic equilibrium are 
formulated. The finite element method is based fundamentally upon continuum 
mechanics which is based upon the continuity of displacements as well as continuity of 
displacement derivatives within the analysis domain. In the case of classical fracture 
mechanics, the basic assumption is that the theory of elasticity holds within the domain of 
analysis and that the crack is a boundary feature of the elastic domain to be simulated.   
Fracture mechanics, damage mechanics and nonlocal continuum mechanics are 
modifications of the continuum mechanics theory to compensate for the shortcomings of 
accommodating cracks in the material. These methods of analysis have become much too 
complex and thus are rarely used in practice. In comparison to the other methods 
described in this section, the peridynamic method is simpler, more direct, and easier to 
understand. Thus, with improvements in computational ability of modern computers, the 
adoption of the peridynamic method is desirable. The peridynamic model provides an 
alternative approach to the modeling of concrete and reinforced concrete structures that 
avoids any prior assumption of a continuous displacement field. The peridynamic method 
does not require the concept of stress and strain and thus incorporates simpler modeling 
concepts. The model is presented in the next section.  
2.3 The Peridynamic model 
Silling [Silling 1998; 2000; 2002A; 2002B; Silling et al. 2003] developed the 
peridynamic model. With this model, continuous and discontinuous (cracking and 
fragmentation) behavior can be handled using a single, simple method. Integration is used 
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to compute the force on a material particle instead of differentiation. Since spatial 
derivatives are not used, the equations remain equally valid at discontinuous surfaces. As 
particles separated by a finite distance can interact with each other, this method falls into 
the category of the non-local model.  
The peridynamic model makes no assumption of continuous or small-deformation 
behavior. It also has no requirement for the concepts of stress and strain. The method 
assumes that Newton’s second law of motion holds true on every infinitesimally small 
particle within the domain of analysis. A force density function, called the “pairwise 
force function”, is assumed to act between each pair of infinitesimally small particles if 
the particles are within a limiting finite distance, called the “material horizon”. The 
pairwise force function is a function of the relative position and the relative displacement 
between the two interacting particles. A spatial integration process is applied to 
determine the total force acting upon each particle and a time integration process is used 
to track the positions of the particles due to the applied body forces or applied 
displacements.  
The original peridynamic formulation proposed by Silling [Silling 1998] is 
defined by the following equation  
ܮሬറሺݔറ, ݐሻ ൌ ׬ റ݂൫ݑሬറ൫ݔఫሶሬሬሬറ, ݐ൯ െ ݑሬറሺݔపሶሬሬሬറ, ݐሻ, ݔఫሶሬሬሬറ െ ݔపሶሬሬሬറ൯ ݀ ௝ܸ        ׊ ݔറ Є ܴ, ݐ ൒ 0  ோ . (2.1) 
In this formulation Silling assumed that each pair of particles interacts through a vector-
valued function, ݂ ሬሬሬറ, such that, ܮሬറ, the force per unit reference volume due to interaction 
with other particles, is a functional of the displacement field ݑሬറ. To illustrate the 
terminology used in Eq. 2.1, ܮሬറ is the force per unit volume acting on particle ݀ ௜ܸ at 
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location, ݔపሶ ሬሬሬሬറ, due to interactions with all volumes ݀ ௝ܸ, located at ݔఫሶሬሬሬറ.  ݑపሶ ሬሬሬሬറ is the 
displacement of particle ݅, and ݔపሶ ሬሬሬሬറ is the reference configuration of particle ݅. The function 
݂ ሬሬሬറ is called the “pairwise force function”. Concisely, assuming elastic behavior, Eq. 2.1 
can be rewritten as 
    ܮሬറሺݔറሻ ൌ ׬ റ݂൫ݑఫሶሬሬሬറ െ ݑపሶሬሬሬറ, ݔఫሶሬሬሬറ െ ݔపሶሬሬሬറ൯ ݀ ௝ܸ       on     ܴ  ோ .    (2.2)   
Thus, the pairwise force function is a function of relative displacement and relative 
position between particles ݀ ௜ܸ and ݀ ௝ܸ.  
Based on Newton’s second law, the peridynamic equation of motion is 
   ߩݑሷ పሬሬሬറ ൌ   ܮሬറ ൅ ሬܾറ       on    ܴ,    ݐ ൒ 0 .   (2.3) 
 
  
 
 
 
 
 
Figure 2.1 Interaction between particles ݀ ௜ܸ and ݀ ௝ܸ within a material horizon ߜ. 
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In Eq. 2.3, b is some prescribed loading force density, which represents the external 
applied force per unit reference volume. 
Silling also assumed that there is a positive value ߜ, called the material horizon 
such that for all ฮݔఫሶሬሬሬറ െ ݔపሶሬሬሬറฮ ൐  ߜ, റ݂ ൌ  0. Thus, particles ݀ ௝ܸ outside a spherical or circular 
neighborhood of radius ߜ centered at particle ݀ ௜ܸ do not interact with particle ݀ ௜ܸ (see 
Figure 2.1).  
The peridynamic method described above deals with an infinite number of 
material points, and therefore cannot be handled on a computer except in an approximate 
way. On the other hand, the new “lattice-based peridynamic method” described in 
Chapter Three is a specialization of the original peridynamic method dealing with fewer 
number of particles per computational step. Using this newer technique, with a 
micropolar peridynamic force model, we have a model that is both mathematically and 
physically defensible and simple to model on a computer.   
2.4 Relationship between microelastic and conventional elastic constants 
 Gerstle, Sau and Silling (Gerstle et al. 2005) derived a relationship between bond-
based peridynamic microelastic and conventional elastic constants. For this purpose, they 
considered a linear elastic, isotropic, material with the microelastic constant being ܿ, and 
material horizon ߜ.  
 Gerstle, Sau, and Silling [Gerstle et al 2005] used the principle of energy 
equivalence, which requires that the strain energy density, due to any arbitrary (but 
spatially homogeneous) strain state be equal to the integral of the strain energies of the 
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pairwise peridynamic forces arising from a kinematically equivalent displacement field. 
Using the principle of energy equivalence, Gerstle, Sau, and Silling [Gerstle et al. 2005] 
obtained the constants ܧ and ߥ as  
         ܧ ൌ   ௖గ௧ఋయሺଵାఔሻଵଶ        (2.4) 
with ߥ ൌ ଵଷ  for plane stress, and ߥ ൌ
ଵ
ସ  for the plane strain condition.  
 For the three-dimensional case    
   ܧ ൌ   ௖గఋరଵଶ      and     ߥ ൌ
ଵ
ସ .     (2.5) 
 Thus, by appropriately choosing the peridynamic constants ܿ and ߜ, isotropic 
plane or 3D structures can be represented using the original, bond-based peridynamic 
model. However, Poisson’s ratio is limited to 1/4 for 3D or plane strain conditions, and 
1/3 for plane stress condition. The constant ܧ depends on material horizon ߜ, which is an 
approximation of the originally proposed peridynamic method. This model assumes an 
infinite number of particles in ܀૜. For computational implementation a particle domain is 
approximated to represent the material structure.   
 
2.5 The Micropolar Peridynamic Model 
 Gerstle, Sau and Silling [Gerstle et al. 2007], Gerstle, Sau and Aguilera [Gerstle 
et al. 2007(a), 2007(b)], and Gerstle, Sau, Sakhavand [Gerstle et al. 2009] modified and 
extended the original peridynamic model proposed by Silling [Silling 1998] for modeling 
concrete and other quasi-brittle structures. The resulting model is called the “Micropolar 
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Peridynamic Model”. The three-dimensional linear elastic homogeneous central-force 
peridynamic model proposed by Silling [Silling 1998] is capable of modeling materials 
only with a Poisson’s ratio of ¼. The micropolar peridynamic model generalizes the 
peridynamic model by allowing not only pairwise force densities, but also moment 
densities, to act between infinitesimal particles within the domain, as shown in Figure 
2.2.  
 
 
 
 
 
 
Figure 2.2 Terminology for Micropolar Peridynamic Model  
[from Gerstle et al. 2007]. 
It was assumed that Newton’s second law holds true on an infinitesimally small 
particle ݀ ௜ܸ, mass ݀݉௜, undeformed position ݔ௜, and displacement ݑ௜, located within 
domain, ܴ. Therefore,  
    ∑൫݀ܨറ൯ ൌ ሺ݀݉௜ሻ üపሬሬሬറ ,   and      (2.6) 
  ∑൫݀ܯሬሬറ൯ ൌ ሾ݀ܫ௜ሿ ߠపሷሬሬሬሬറ .       (2.7) 
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Here, ∑൫݀ܨറ൯ is the force vector and ∑൫݀ܯሬሬറ൯ is the moment vector acting on the free body 
of the infinitesimal particle. ݀݉௜ is the differential mass, and ሾ݀ܫ௜ሿ is the differential mass 
moment of inertia of particle ݅.  
 Silling [Silling 1998] proposed a simple nonlocal peridynamic constitutive model. 
In this model Silling assumed a fictitious “micro truss”, connecting any two particles with 
stiffness being, ߤ ൌ ܧԢܣ. This stiffness is linear for small relative displacements, but the 
“micro truss” breaks when the relative displacement between the two particles exceeds 
some constant stretch value ݑכ. However, in case of micropolar peridynamics, as 
mentioned by Gerstle and others [Gerstle et al. 2007], the assumption of a collinear 
pairwise force is not longer correct. They replaced the “micro truss” concept with a more 
general “micro beam” concept representing the force field between the particle with 
elastic stiffnesses being ܧԢܣ and ܧԢܫ. If the material is brittle, the “micro beam” breaks 
suddenly when the extreme fiber strain exceeds a limiting value. This model still assumes 
an infinite number of particles in ܀૜.   
2.6 Relationship between Micropolar and Macro-Elastic Constants 
 Gerstle, Sau, and Silling [Gerstle et al. 2007] and later Gerstle, Sau, and Aguilera 
[Gerstle et al. 2007(a)] derived a relationship between micropolar elastic constants and 
conventional elastic constants based on the principle of energy equivalence. The 
following sub-section briefly summarizes these relationships. 
 For a two-dimensional plane stress problem, the relationship between the 
microelastic constants (ܿ ൌ ܧᇱܣ, ݀ ൌ ܧᇱܫ) and the conventional macro elastic parameters 
(ܧ, ߥ) can be obtained by calculating the internal energy of all the peridynamic force 
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functions (assumed as beam elements) attached to a differential volume, ݀ ௜ܸ, and 
comparing this elastic energy to the conventional strain energy density. For a two 
dimensional plane stress case, assuming uniform strain field, Gerstle and his colleagues 
[Gerstle et al. 2007] obtained the micro elastic constants ‘ܿ’ and ‘݀’ as functions of the 
constants ܧ, ߥ, and the material horizon, ߜ as  
 ܿ ൌ   ଺ாగఋయሺଵିఔሻ ,     and         ݀ ൌ  
ாሺଷఔିଵሻ
଺గఋሺఔమିଵሻ .    (2.8) 
Also, the macro-elastic parameters as function of the micro-elastic constants can 
be obtained by solving Eq. 2.8 as 
  ܧ ൌ   గ௖ఋయ൫௖ఋమିଷ଺ௗ൯ଽሺ௖ఋమିଵଶௗሻ , and       ߥ ൌ  
௖ఋమିଷ଺ௗ
ଷሺ௖ఋమାଵଶௗሻ .   (2.9) 
For plane strain condition, the same technique is applied and the relations are found to be 
   ܿ ൌ   ଺ாగఋయሺଵିఔିଶఔమሻ  , and      ݀ ൌ  
ாሺଵିସఔሻ
଺గఋሺଵିఔିଶఔమሻ ,   (2.10) 
and, 
  ܧ ൌ   ൫௖ఋమାଷ଺ௗ൯൫ହ௖ఋమିଷ଺ௗ൯గସ଼௖ఋ , and       ߥ ൌ  
௖ఋమିଷ଺ௗ
ସ௖ఋమ  .   (2.11) 
For the case of uniaxial stress  
  ܿ ൌ   ଶாఋమ , and    ܧ ൌ  
௖ఋమ
ଶ  .     (2.12) 
Again, for fully three dimensional case 
  ܿ ൌ   ଺ாగఋరሺଵିଶఔሻ , and     ݀ ൌ  
ாሺଵିସఔሻ
ସగఋమሺଵିఔିଶఔమሻ ,    (2.13) 
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and, 
  ܧ ൌ   గఋర௖൫௖ఋమାଷ଺ௗ൯ଵଶሺ௖ఋమା଺ௗሻ   , and     ߥ ൌ  
௖ఋమିଶସௗ
ସሺ௖ఋమା଺ௗሻ .    (2.14) 
 All these constants derived by Gerstle and his colleagues [Gerstle et al. 2007] 
assumed a continuum of particles within the material horizon. Thus, we turned to lattice 
model discussed in the next section.  
2.7 Lattice Model 
 The smeared crack method [Rashid 1968], the discrete crack method without 
remeshing [Ngo and Scordelis 1967, Petersson and Gustavsson 1980, Ingraffea and 
Saouma 1984], and the discrete crack method with remeshing [Ingraffea and Saouma 
1984, Carpinteri and Valente 1988, Valente 1991] are the continuum approaches and rely 
on a continuum description of the material outside the crack zone and thus are not 
efficacious  for a quasi-brittle material like concrete. An alternative representation is the 
discretization of the continuum as a lattice of truss or frame elements, i.e., bars or beams. 
Hrennikoff [Hrennikoff 1941] proposed the discretization of a continuum as a truss 
network as a possible solution for solving (or at least approximating) problems in 
elasticity. The bars should be placed in a certain pattern, with elastic properties, suitable 
to the type of problem (see Figure 2.3).  
Hrennikoff [Hrennikoff 1941] showed that for plane-stress problems a planar 
framework composed of bars having resistance against change in length would suffice. In 
order to reach the “exact solution”, the bars should be made infinitesimally small, which 
would make the problem unsolvable and we would regain the original differential 
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equation. Thus, the method is an approximation of the exact solution only. One of the 
limitations of Hrennikoff’s approach is that the bar network yields a Poisson’s ratio of 
1/3, which makes the method very appropriate for modeling steel structures [Van Mier 
1997]. For concrete, with its lower Poisson’s ratio, it seems less appropriate.    
   
 
 
 
Figure 2.3 Triangular truss used by Hrennikoff. The dashed line shows the deformed  
mesh when the middle node is moved upward [from Van Mier 1997]. 
Hansen, Roux, and Herrmann [Hansen, Roux, and Herrmann 1989; Herrmann, 
Hansen, and Roux 1989; Herrmann and Roux 1990; Herrmann 1991] were the first to 
model fracture in a lattice. Instead of using bars, they used beam elements. In their 
original approach Herrmann and colleagues used beams in a regular square configuration 
as shown in the Figure 2.4(a). Later, the lattice model shown in the Figure 2.4(b) was 
adapted for modeling fracture in concrete and sandstone laboratory-scale specimens. In 
this latter approach, they replaced the regular square lattice by a regular triangular lattice 
of beam elements shown in Figure 2.4(b). In this way correct values of Poisson’s ratios 
for concrete (and sandstone) are computed. The Poisson’s ratio of a lattice depends on the 
shape of the lattice, the cross-section of the beams and the elastic constants of the beams. 
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According to Herrmann and his colleagues, the regular square lattice has a Poisson’s 
ratio, ߥ ൌ 0, which is not suitable for the class of materials like concrete.  
 
 
 
 
Figure 2.4 (a) Regular square lattice, (b) Regular triangular lattice, (c) Random  
triangular lattice of beam elements. [from Van Mier 1997].   
Similar to the regular triangular lattice model, Vervuurt [Vervuurt 1997], 
Vervuurt, Schlangen, and Van Mier [Vervuurt et al. 1993], Vervuurt, Van Vliet, Van 
Mier, and, Schlangen [Vervuurt et al. 1995] worked on the random triangular lattice 
model shown in Figure 2.4(c) with considerable success. 
Both the regular triangular and the random triangular lattice provide more 
freedom to obtain a given combination of overall Young’s modulus and Poisson’s ratio. 
The random lattice was based on an approach originally proposed by Mourkazel and 
Herrmann [Mourkazal et al. 1992]. The construction of the lattice is illustrated in Figure 
2.5. In this approach, a regular square grid of size ݏ is chosen and random points are 
selected in each box of the grid. The randomness can be changed by selecting in each box 
a sub-box with a smaller size ݐ then the grid box. Then the three points that are closest to 
one another are connected with beam elements. The selection of the closest neighbors is 
done through trials using circles of various diameters. 
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 A three-dimensional version of the two-dimensional random lattice was 
developed by Schlangen and Van Mier [Schlangen and Van Mier 1994]. It should be 
noted that the random lattice is not isotropic. Schlangen and Garboczi [Schlangen and 
Garboczi 1996] have attempted to homogenize the random lattice model by prescribing 
different cross-sectional areas for different beams. As a result, some beams get a negative 
cross-section, which is physically not acceptable. Jirásek and Bažant [Jirásek and Bažant 
1995] also published a random particle model which strongly resembles the lattice type 
models. In regular particle models a strong directional bias was found and they concluded 
that a randomly generated particle model would be more favorable.  
 
 
 
 
 
 
Figure 2.5 (a) Construction of 2D random lattice, and  
(b) Example of generated lattice. [from Van Mier 1997]  
 Fracture is initiated by removing a beam as soon as its force exceeds a strength 
criterion. An extreme case of a lattice is a model representing bonds between atoms. The 
failure of the beams at certain strength should be adjusted to resemble the bonding 
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strength between real atoms. In this way, the ideal theoretical strength of an atomic lattice 
may be calculated.  
 The difference between the “lattice model” and the “peridynamic model” is that in 
the lattice model, the structure is modeled as a network of frame elements, which seems 
very arbitrary. On the other hand, the “peridynamic model” assumes the material to be an 
array of particles and there is a “force-field” acting between any two particles in the 
array. The particles have their mass lumped at their centers, whereas, the “force-field” 
has no mass.    
2.8 Modeling the Material Meso Structure using a Lattice 
 The lattice models may be used to model the meso structure of a material. The 
material structure may be included in the analysis by generating the material structure 
with a computer program and then superimposing the lattice model on top of the 
generated material structure as shown in the Figure 2.6(a). This approach of material 
mapping was originally developed in the Stevin Laboratory by Schlangen and Van Mier 
[Schlangen and Van Mier 1992(a), 1992(b)]. Researchers like Bažant and colleagues 
[Bažant et al. 1990], Adley and Sadd [Adley and Sadd 1992], Beranek and Hobbelman 
[Beranek and Hobbelman 1994], Van Vliet and Van Mier [Van Vliet and Van Mier 
1996], and Van Mier et al. [Van Mier et al. 1995], proposed an alternative way of 
interpreting a lattice. They assumed that the lattice beams or bars are the connection 
between the centers of neighboring particles in a grain model as shown in Figure 2.6(b). 
Thus, if a particle stack is made from particles of identical size, a regular triangular lattice 
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is obtained in two dimensions. However, if all the particles are of different size, the 
lattice elements have varying length and a random lattice is obtained.  
 Researchers Beranek and Hobbelman [Beranek and Hobbelman 1994] used a 
regular lattice and assumed that failure would take place at the interface between the 
particles, i.e., in the middle of the lattice element connecting the two centers of these 
particles. Similar assumptions were made also by Jirásek and Bažant [Jirásek and Bažant 
1995] and Hassanzadeh [Hassanzadeh 1992], but they used a random particle size 
distribution, instead of a regular array. Recently, Vervuurt and his colleagues [Vervuurt 
et al. 1993] showed that it is not very important, at least for tensile fracture, which 
approach is chosen.  
 
       
 
 
Figure 2.6 (a) Regular triangular lattice projected on top of a generated particle  
structure of concrete, and (b) Lattice defined by the particle stack.  
[from Van Mier 1997]  
2.9 Fracture Laws for Lattice-type Models 
 Van Mier [Van Mier 1997] summarized the fracture laws for lattice-type models. 
The basic element in the lattice is a spring (bar) or a beam as shown in the Figure 2.7. In 
a truss element (bar or spring), only axial forces are transmitted (Figure 2.7a), whereas, 
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for a beam element, nodal forces and moments are transmitted. For a spring (or bar) 
element the axial stiffness must be specified (ܭ or ܧܣ), whereas for a beam element a 
flexural stiffness (ܧܫ) must be prescribed in addition to axial stiffness.  
 Van Mier [Van Mier 1997] presented three examples concerning the damage 
modeling using the lattice model. In the first example, the failure of a regular lattice of 
particles is analyzed by means of a spring model. An energy criterion is used for 
fracturing the springs. Such analyses can be quite helpful in determining the theoretical 
strength of materials; however simulating fracture spring models are of less interest. In 
the second one, it was assumed that the lattice has been projected on top of the material 
structure and a simple fracture law for a beam model for meso-level fracture analyses is 
presented.  The third example includes a particle composite where the centers of the 
particles are connected by means of beam elements. Thus, the last two examples are 
basically based on classical strength of materials theory.  
 
 
  
 
Figure 2.7 Forces and bending moment acting on a beam. [from Van Mier 1997] 
 In case of the peridynamic model fracture can be modeled by incorporating a 
damage model acting between the particles. The damage model is based on laboratory 
testing.  
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2.10 Parameters for Lattice Model  
 Van Mier [Van Mier 1997] summarized and presented parameters for the lattice 
model. According to Van Mier [Van Mier 1997] in the lattice model the parameters can 
be divided into two categories. The first category is consists of those parameters that are 
related to the elastic stiffness of a complete lattice. The second set of parameters 
comprises those related to the fracture strength of the lattice beam. For the first category 
of lattice model parameters, the cross-sectional area of the beams and the Young’s 
moduli of the material are the most important things. Lateral expansion emerges naturally 
as a consequence of the triangular lattice structure itself. The choice of the Poisson’s ratio 
of the lattice beams themselves is unimportant. Thus the global Poisson’s ratio depends 
on the geometry of the lattice and the cross-sectional properties of the beams. When the 
structure of the material is mapped on a lattice, different Young’s moduli are assigned to 
beam elements appearing on different constituents of the material structure. For example, 
the lattice beams falling inside the aggregates would be assigned Young’s modulus of the 
aggregate material. The matrix beams and the bond beams (i.e. those beams that intersect 
the interface between aggregate and matrix) are given the same Young’s modulus. The 
beam length and cross-sectional area must be selected such that the material structure can 
be described in sufficient detail, but also in such a manner that the overall Poisson’s ratio 
of the lattice resembles the initial Poisson’s ratio of the concrete that is modeled. 
 As presented by Van Mier [Van Mier 1997], the second group of parameters of 
the lattice model contains the fracture parameters. A law must be derived for fracturing 
the lattice beams. The simplest law is a purely brittle mode I fracture law. As soon as the 
strength of a lattice beam is reached it fractures completely, as shown in Figure 2.8.  
24  
 
 
 
 
 
Figure 2.8 Fracture law for a single lattice beam.  
 The micro-elastic constants are the elasticity parameters used in the peridynamic 
model. A damage model is incorporated to initiate fracture in the structure. In this 
damage model, a limiting stretch of the force-field between the particles is established 
empirically. Beyond this stretch limit, the force in the bond drops to zero.  
2.11 Summary 
 This chapter has discussed the conventional peridynamic model, the micropolar 
peridynamic model, and the lattice model. The micropolar peridynamic model is a 
significant improvement over the conventional peridynamic model. However, 
considering the computation cost, the micropolar peridynamic model still seems 
impractical. In case of the lattice model, the establishment of lattice parameters is 
complex. In Chapter 3 we develop a model which can overcome the limitations 
associated with previous peridynamic models and the lattice model. The “lattice-based 
peridynamic model” is discussed in the next chapter.            
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Chapter 3 
Theory of Lattice-Based Peridynamic Model 
3.1 Introduction 
 The motivation for the present work is to develop an efficient computational 
micropolar peridynamic method. We call this method the “Lattice-Based Peridynamic 
Method”. The “Micropolar Peridynamic Model” requires discretization, approximation, 
and a great amount of computational effort. The present work combines the “lattice 
model” with the existing “micropolar peridynamic model” to reduce the number of force 
computations, and thus, increase the computational efficiency. Relationships between the 
micro-elastic constants for the lattice based peridynamic model and macro-elastic 
constants from classical mechanics of materials are derived in this chapter.  
3.2 The Peridynamic Lattice 
 A regular particle configuration with the highest possible degree of symmetry is 
chosen as the peridynamic lattice. For the present work, we have chosen the particles to 
be arranged in the hexagonal close packed (HCP) array. Close-packing of spheres is a 
dense arrangement of equal-sized spheres in a regular arrangement or lattice. There are 
two simple regular lattices that achieve the highest average density. These are called Face 
Centered Cubic (FCC) (also called Cubic Close Packed) lattice and hexagonal close-
packed (HCP) lattice, based on their symmetry. Both are based upon sheets of spheres 
arranged at the vertices of a triangular tiling, and they differ in how the sheets are stacked 
upon one another. 
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Figure 3.1 shows a comparison between the FCC and HCP lattice structure.  
 
     
 
 
Figure 3.1 Comparison between HCP (left) and FCC (right)  
lattice structures. (from www.wikipedia.org)  
 In both the FCC and HCP arrangements each sphere has twelve nearest neighbors. 
Relative to a reference layer with positioning A, two more positionings B and C are 
possible. Figure 3.2(a) and (b) represents HCP and FCC lattices in three dimensions. 
With reference to Figure 3.1, the HCP stack differs from the top three tiers of the FCC 
stack only in the lowest tier. 
 
  
 
  
        (a)                      (b) 
Figure 3.2 (a) HCP stack of spheres, and (b) FCC stack  
of spheres. (from www.wikipedia.org)  
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 Figure 3.3 shows the lattice in one and two-dimensions which are assumed for the 
present work.  
   
 
 
 
     
 
      (a)                   (b) 
Figure 3.3 One and two-dimensional peridynamic material lattices. 
 For a three-dimensional peridynamic lattice model, a projection scheme of the 
two-dimensional hexagonal lattice was adopted to obtain a 3D lattice. Comparatively, the 
3D lattice is more complex. Figure 3.4 shows 3D hexagonal peridynamic lattice.  
For clarity, the development of the 3D hexagonal lattice from a regular 2D 
hexagon is schematically shown in the Figure 3.4. Figure 3.4(a) shows a single particle. 
Figure 3.4(b) presents the hexagonal pattern of particles around the center particle in the 
x-y plane, showing all links between particles in this plane. In Figure 3.4(c), the particles 
in the planes above and below the x-y plane are added. Figure 3.4(d) shows all equal-
length links surrounding the center particle. Figure 3.4(e) adds the six particles that are 
second-nearest neighbors to the first particle. Figure 3.4(f) shows the final form of the 3D 
hexagonal lattice after including the remaining links. 
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(a) (b) 
 
 
 
 
                                  
    (c)                                                                   (d) 
 
 
 
 
 
                                  (e)                                                                    (f) 
Figure 3.4 Development of 3D hexagonal lattice 
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Figure 3.5 (a) 3D-hexagonal lattice in plan, (b) Co-ordinates evaluation of particle 7. 
We next determine the coordinates of the particles forming the 3D hexagonal 
lattice. Figure 3.5(a) illustrates a plan view of the 3D-hexagonal peridynamic lattice with 
each particle being numbered with a numerical value. The particles represented by solid 
circles are on the x-y plane. The particles shown by crosses are above the x-y plane with 
positive z-ordinate, and the particles indicated by hollow circles are below the x-y plane 
with negative z ordinate. Figure 3.5(b) shows the geometric basis for calculating the z-
ordinates of the particles not in the x-y plane. Table 3.1 summarizes the co-ordinates of 
the particles in the 3D-hexagonal peridynamic lattice with respect to the center particle. 
Twelve links are of length, ܵ. The second to shortest six links have a length of √2 ܵ. 
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Table 3.1 Coordinates of particles surrounding particle at (0,0,0) in a hexagonal close-
packed lattice 
ID X Y Z ID X Y Z 
1 S 0 0 10 0 (2/√3) S √(2/3) S 
2 (1/2) S (√3/2) S 0 11 -S (-1/√3) S √(2/3) S 
3 (-1/2) S (√3/2) S 0 12 S (-1/√3) S √(2/3) S 
4 -S 0 0 13 0 (1/√3) S -√(2/3) S
5 (-1/2) S (-√3/2) S 0 14 (-1/2) S -1/(2√3)S -√(2/3) S
6 (1/2) S (-√3/2) S 0 15 (1/2) S -1/(2√3)S -√(2/3) S
7 (1/2) S 1/(2√3) S √(2/3) S 16 S (1/√3) S -√(2/3) S
8 (-1/2) S 1/(2√3) S √(2/3) S 17 -S (1/√3) S -√(2/3) S
9 0 (-1/√3) S √(2/3) S 18 0 - (2/√3) S -√(2/3) S
 
Each particle, of mass ∆݉, and volume ∆ܸ, interacts with its nearest neighbors. 
The forces between two particles are assumed to be the same as a linear elastic frame 
element with zero mass. Figure 3.6 shows the fictitious frame element.  
 
 
             ܣᇱ,  ܫ௭ ᇱ ൌ ܫ௬ ᇱ , ܫ௫ ᇱ ൌ ܫ௭ ᇱ ൅ ܫ௬ ᇱ , ܧᇱ, ߥᇱ ൌ 0 
 
 
 
 
 
Figure 3.6 A single fictitious linear elastic frame element  
representing the forces between particles. 
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Here, ܣԢ is the cross-sectional area, ܫԢ is the moment of inertia of the cross section, 
and ܧԢ represents the Young’s modulus for the fictitious frame material. Therefore, for 
the frame element:  
    Axial stiffness = ܣԢܧԢ 
    Bending stiffness = ܫԢܧԢ. 
 The torsional stiffness does not matter for homogeneous strain fields.   
3.3 Lattice-based peridynamic modeling of elastic solids 
 While modeling an elastic solid using peridynamic method, a fundamental 
assumption is that the solid is composed of particles of specified mass. The distance 
between the particles is chosen depending upon the desired degree of accuracy of the 
analysis result or based upon the scale of the fabric of the material. This distance can be 
assumed to be the size of the coarse aggregate in concrete structures. In modeling 
concrete using this type of modeling technique, the geometric domain is assumed to be 
composed of a finite number of particles. The concrete is represented by the particles 
included within the geometric domain and the surfaces of the concrete mass emerge. 
Concrete is a material which has limited resolvability, which means that a very sharp 
corner or a very thin section is not possible because of limitations associated with the 
aggregate sizes.     
3.4 Energy Equivalence to Elastic Continuum 
 Assume a spatially homogeneous strain state, ሼߝሽ in an elastic continuum. The 
stress state is  ሼߪሽ ൌ   ሾܧሿ ሼߝሽ , and the internally stored strain energy in volume Δܸ is:  
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  ௖ܷ ൌ   ଵଶ ہߪۂ ሼߝሽ Δܸ ൌ  
ଵ
ଶ ہߝۂ ሾܧሿ ሼߝሽ Δܸ.     (3.1) 
Here, for the one-dimensional case (uniaxial stress),  
  ሼߪሽ ൌ ߪ,         (3.2) 
  ሼߝሽ ൌ ߝ,  and        (3.3) 
  ሾܧሿ ൌ ܧ = Young’s Modulus of elasticity of the material.  (3.4) 
For the two-dimensional plane stress case, 
  ሼߪሽ ൌ ൝
ߪ௫௫ߪ௬௬߬௫௬
ൡ,        (3.5) 
  ሼߝሽ ൌ ൝
ߝ௫௫ߝ௬௬ߛ௫௬
ൡ, and       (3.6) 
 ሾܧሿ ൌ   ாଵିఔమ  ቎
1 ߥ 0
ߥ 1 0
0 0 ଵଶ ሺ1 െ ߥሻ
቏,  for plane stress and,    (3.7) 
  ሾܧሿ ൌ   ாሺଵାఔሻሺଵିଶఔሻ ൥
1 െ ߥ ߥ 0
ߥ 1 െ ߥ 0
0 0 ሺ1 െ 2ߥሻ/2
൩,  for plane strain. (3.8) 
For the three-dimensional case,  
  ሼߪሽ ൌ
ۖە
۔
ۖۓߪ௫௫ߪ௬௬ߪ௭௭߬௫௬߬௬௭߬௭௫ ۙۖ
ۘ
ۖۗ
,        (3.9) 
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    ሼߝሽ ൌ
ۖە
۔
ۖۓߝ௫௫ߝ௬௬ߝ௭௭ߛ௫௬ߛ௬௭ߛ௭௫ۙۖ
ۘ
ۖۗ
, and        (3.10) 
 ሾܧሿ ൌ   ாሺଵାఔሻሺଵିଶఔሻ 
ۏ
ێێ
ێێ
ۍ
 
1 െ ߥ
ߥ
ߥ0
0
0
      
ߥ
1 െ ߥ
ߥ0
0
0
       
ߥ
ߥ
1 െ ߥ0
0
0
  
0
0
0
   ሺ1 െ 2ߥሻ 2⁄
0
0
  
0
0
00
ሺ1 െ 2ߥሻ 2⁄
0
  
0
0
0
0
0
ሺ1 െ 2ߥሻ 2⁄ ے
ۑۑ
ۑۑ
ې
 . (3.11) 
Now, if the particles in the lattice have the identical displacements as the 
corresponding points in the continuum, then  
  ݑ ൌ ߝଵ ݔ,        (3.12) 
  ݒ ൌ ߝଶ ݕ, and        (3.13) 
  ݓ ൌ ߝଷ ݖ.        (3.14) 
Here, ߳ଵ, ߳ଶ, ߳ଷ are the principal strains, ݔ, ݕ, ݖ are the principal axes, located with origin 
at one of the particles, and ݑ, ݒ, ݓ are the displacements in the principal directions with 
respect to the particle of origin.  
 If the lattice stores the same strain energy as the continuum, then 
  ∑ ௝ܷ௟௜௡௞௦ ൌ ௖ܷ  ,       (3.15) 
where  ௝ܷ is half of the strain energy stored in ݆௧௛ link. 
 The strain energy stored in a single frame element with no end rotations consists 
of axial and bending strain energy and can be written as  
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  ௝ܷ ൌ   ଵଶ ቂ
ଵ
ଶ 
஺ᇲாᇲ
ௌ  ݑఫഥ ଶ ൅ 
଺ாᇲூᇲ
ௌయ  ݒఫഥଶ ൅ 
଺ாᇲூᇲ
ௌయ  ݓఫതതതଶቃ ,  or   (3.16) 
 ௝ܷ ൌ    ஺
ᇲாᇲ
ସௌ  ݑఫഥ ଶ ൅ 
ଷாᇲூᇲ
ௌయ  ሺݒఫഥଶ ൅  ݓఫതതതଶሻ .    (3.17) 
Here, ݑఫഥ , ݒఫഥ , ݓఫതതത  are the displacements of neighboring particle ݆, with respect to particle ݅. 
Note that only the half of the total strain energy of a link is considered by putting a factor 
of 1/2 before the square brackets in Eq. 3.16. This is because each link’s strain energy is 
shared by two material particles. Also, note that in a homogeneous strain field, the 
particles do not rotate due to symmetry. Thus, although there may be bending, there is no 
torsion of the links in a homogeneous strain field.  
The problem now, is to determine ܣԢܧԢ and ܫԢܧԢ, also called the micro-elastic 
constants, in terms of the macro-elastic or conventional elastic constants ܧ, ߥ, and the 
spacing between the particles, ܵ. This is done in the next few sections. It should be noted 
that in the case of a one-dimensional problem, ܣᇱ and ܧԢ have to be determined in terms 
of ܣ and ܧ respectively, where, ܣ is the cross-sectional area of the structure. For a two 
dimensional problem, the micro-elastic constants should depend upon the thickness, ݐ. 
Also, note that plates, shells, etc. can also be modeled using this scheme.  
3.5 Identification of micro-elastic parameters for peridynamic lattice 
 The next few sub-sections of this chapter contain the derivations of the 
relationships between micro-elastic constants and the macro or conventional elastic 
constants. One, two and three dimensional solids are considered.  
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3.5.1 Micro-elastic constants for one-dimensional lattice 
 In a one-dimensional case as in Figure 3.3, each particle is linked with two 
neighbors. In this case the micro elastic forces are identical to those of the modeled frame 
element, and thus the elastic constants for the beam are identical to the micro-elastic 
constants. Also the cross-sectional area of the beam is same as the area for the micro 
beam. Therefore:  
 ܣᇱ ൌ  ܣ,   ܫ௫ ᇱ ൌ ܫ௫ ,   ܫ ௬ᇱ ൌ ܫ௬ ,   ܫ௭ᇱ ൌ ܫ௭ ,   ܧᇱ ൌ  ܧ, and   ܩᇱ ൌ   ாଶሺଵାఔሻ . (3.18) 
3.5.2 Micro-elastic constants for two-dimensional hexagonal peridynamic lattice 
 Referring to Figure 3.3, a typical particle in a two-dimensional hexagonal 
peridynamic lattice has a total of six in-plane frame elements. The total strain energy of 
the links is (assuming particle rotations):  
   ்ܷ ൌ   ∑  ቂ ஺
ᇲாᇲ
ସௌ  ݑఫഥ ଶ ൅ 
ଷாᇲூᇲ
ௌయ  ݒఫഥଶቃ଺௝ୀଵ ,    (3.19) 
where ݑఫഥ  and ݒఫഥ  are defined in Figure 3.7.  
  
 
 
 
 
Figure 3.7 Local axis displacements for a single fictitious link representing  
the force field between two particles. 
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Equating this strain energy with the conventional strain energy, we get  
 ்ܷ ൌ   ∑  ቂ ஺
ᇲாᇲ
ସௌ  ݑఫഥ ଶ ൅ 
ଷாᇲூᇲ
ௌయ  ݒఫഥଶቃ ൌ ଺௝ୀଵ
ଵ
ଶ ہߝۂ ሾܧሿ ሼߝሽ Δܸ.  (3.20) 
In the principal coordinate system, as there is no shear strain, and we have  
  ሼߝሽ ൌ ቄߝ௫ߝ௬ቅ.        (3.21) 
For a plane stress problem, the strain to stress matrix is  
  ሼߪሽ ൌ   ሾܧሿ ሼߝሽ,    and      (3.22) 
  ሾܧሿ ൌ   ாଵିఔమ  ቂ 
1 ߥ
ߥ 1 ቃ,  and for a plane strain problem  (3.23) 
  ሾܧሿ ൌ   ாሺଵାఔሻሺଵିଶఔሻ ቂ 
1 െ ߥ ߥ
ߥ 1 െ ߥ ቃ.     (3.24)  
The displacements of a particle in the ݔ and ݕ directions can be represented as 
  ݑ௝ ൌ ߳௫ ݔ௝,  and       (3.25)  
  ݒ௝ ൌ ߳௬ ݕ௝.        (3.26) 
In matrix form, Eq. 3.25 and Eq. 3.26 can be written as  
   ቄ ݑ௝ݒ௝ ቅ ൌ   ൤ 
ݔ௝  0
0 ݕ௝ ൨ ቄ
ߝ௫ߝ௬ቅ.      (3.27) 
Referring to the Figure 3.7, ݔ௝, and ݕ௝ are  
  ݔ௝ ൌ S cos ߠ௝,  and        (3.28) 
  ݕ௝ ൌ S sin ߠ௝.        (3.29) 
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The displacement components in global coordinates of a single force field link or 
fictitious frame element are transformed into local coordinates as follows.  
 ൜ ݑఫഥݒఫഥ  ൠ ൌ   ൤ 
cos ߠ௝ sin ߠ௝
െ sin ߠ௝ cos ߠ௝ ൨ ቄ 
ݑ௝ݒ௝ ቅ ൌ
                                                      ൤  cos ߠ௝ sin ߠ௝െ sin ߠ௝ cos ߠ௝ ൨ ൤ 
S cos ߠ௝ 0
0 S sin ߠ௝ ൨ ቄ 
ߝ௫ߝ௬ ቅ  
or  ൜ ݑఫഥݒఫഥ  ൠ ൌ    ቈ 
ܵ cosଶ ߠ௝ ܵ sinଶ ߠ௝
െܵ cos ߠ௝ sin ߠ௝ ܵ cos ߠ௝ sin ߠ௝ ቉ ቄ 
ߝ௫ߝ௬ ቅ.    (3.30) 
In matrix form, Eq. 3.20 is written as 
 ∑  ہݑఫഥ ݒఫഥۂ ቎
஺ᇲாᇲ
ସௌ 0
0 ଷாᇲூᇲௌయ
቏ ൜ ݑఫഥݒఫഥ  ൠ ൌ  
ଵ
ଶ ہߝۂ ሾܧሿ ሼ߳ሽ Δܸ ଺௝ୀଵ , or 
∑  ہߝۂ ܵଶ  ቈ  cos
ଶ ߠ௝ sinଶ ߠ௝
െ cos ߠ௝ sin ߠ௝ cos ߠ௝ sin ߠ௝ ቉
்
቎
஺ᇲாᇲ
ସௌ 0
0 ଷாᇲூᇲௌయ
቏ ቈ  cos
ଶ ߠ௝ sinଶ ߠ௝
െ cos ߠ௝ sin ߠ௝ cos ߠ௝ sin ߠ௝ ቉ ሼߝሽ ൌ
଺௝ୀଵ
                                                                                              ଵଶ ہߝۂ ሾܧሿ ሼ߳ሽ Δܸ .   (3.31) 
In the case of an arbitrary strain field, ሼ߳ሽ, we have  
෍ ቈ cos
ଶ ߠ௝ െ cos ߠ௝ sin ߠ௝
sinଶ ߠ௝ cos ߠ௝ sin ߠ௝  ቉ ൦
ܣᇱܧᇱܵ
4 0
0 3ܧ
ᇱܫᇱ
ܵ
൪ ቈ  cos
ଶ ߠ௝ sinଶ ߠ௝
െ cos ߠ௝ sin ߠ௝ cos ߠ௝ sin ߠ௝ ቉ ൌ  
Δܸ
2  ሾܧሿ
଺
௝ୀଵ
. 
           (3.32) 
Solving Eq. 3.32, for ܣᇱܧᇱ and ܫᇱܧᇱ in case of plane stress condition, and using Matlab 
symbolic toolkit, we get  
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  ܣᇱܧᇱ ൌ ଶா ∆௏ଷሺଵିఔሻௌ ,       (3.33) 
  ܫᇱܧᇱ ൌ ா∆௏ሺଵିଷఔሻௌଵ଼ሺଵିఔమሻ  ,       (3.34) 
and for the plane strain problem  
  ܣᇱܧᇱ ൌ ଶா ∆௏ଷሺଵିఔమሻௌ ,       (3.35) 
  ܫᇱܧᇱ ൌ ா∆௏ሺଵିସఔሻௌଵ଼ሺଵିఔమሻ  .       (3.36) 
Referring to Figure 3.8, for two dimensional problems, ∆ܸ can be expressed in 
terms of S as:  
  ∆ܸ ൌ 12 ܣݐ ൌ 12  ቀଵଶ כ
ଵ
ଶ ܵ כ
ଵ
ଶ ܵ כ tan 30ቁ = 
√ଷ
ଶ  ܵଶ ݐ,  (3.37) 
where ݐ is the thickness of the material.  
 
  
 
 
 
  
Figure 3.8 Volume contribution for a particle in two dimensional hexagonal lattice. 
 
39  
 
In the case of the plane stress problem,   
  ܣᇱܧᇱ ൌ ଶா∆௏ଷሺଵିఔሻௌ ൌ  
ଶா √యమ  ௌమ௧
ଷሺଵିఔሻௌ ൌ  
ாௌ௧
√ଷ ሺଵିఔሻ , and   (3.38) 
  ܫᇱܧᇱ ൌ ா∆௏ሺଵିଷఔሻௌଵ଼ሺଵିఔమሻ ൌ  
ாሺ√యమ  ௌమ௧ሻሺଵିଷఔሻௌ
ଵ଼ሺଵିఔమሻ ൌ  
ா ௌయ௧ሺଵିଷఔሻ
ଵଶ√ଷሺଵିఔమሻ ,    (3.39) 
and for the plane strain problem,  
  ܣᇱܧᇱ ൌ ଶா ∆௏ଷሺଵିఔమሻௌ ൌ  
ଶா √యమ  ௌమ௧
ଷሺଵିఔమሻௌ ൌ  
ாௌ௧
√ଷ ሺଵିఔమሻ , and    (3.40) 
  ܫᇱܧᇱ ൌ ா∆௏ሺଵିସఔሻௌଵ଼ሺଵିఔమሻ ൌ  
ாሺ√యమ  ௌమ௧ሻሺଵିସఔሻௌ
ଵ଼ሺଵିఔమሻ ൌ  
ா ௌయ௧ሺଵିସఔሻ
ଵଶ√ଷሺଵିఔమሻ .    (3.41) 
Some comments about Eq. 3.38 to Eq. 3.41 are as follows:  
 These expressions will produce exactly the same results as theory of elasticity in a 
spatially homogeneous strain field. 
 Boundary effects are expected to be relatively small (limited to a boundary region 
of width ܵ). 
 A material size scale, S, has been introduced.  
 Appropriately, surfaces are modeled only approximately using the lattice model.   
 In the original theory of peridynamics, there is no description of a lattice. 
Therefore, with the original theory, convergence studies are necessary.  
3.5.3 Micro-elastic constants for three-dimensional lattice 
 Before deriving the micro-elastic constants for the 3D-hexagonal close-packed 
lattice, it is important to review the direction cosine approach to transform a displacement 
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from a local to a global co-ordinate system. Figure 3.9 shows the local and global co-
ordinate systems for a typical link. The global and local position vectors of the link are 
( ௫ܸ, ௬ܸ, ௭ܸሻ and ( ௫ܸҧ , ௬ܸത , ௭ܸҧሻ respectively, and the relationship between these vectors is:  
  ቐ 
௫ܸҧ
௬ܸത
௭ܸҧ
 ቑ ൌ   ൥ 
݈ଵ ݉ଵ ݊ଵ
݈ଶ ݉ଶ ݊ଶ
݈ଷ ݉ଷ ݊ଷ
 ൩ ቐ
௫ܸ
௬ܸ
௭ܸ
ቑ.     (3.42) 
 
 
 
 
 
 
  
Figure 3.9 Local and global co-ordinate system for a single frame element.  
Here, ݈, ݉, and ݊ are the direction-cosines of the vectors, and can be expressed as  
  ݈ଵ ൌ cosሺߠ௫ҧ௫ሻ ൌ ௫ೕௌ  ,       (3.43) 
  ݉ଵ ൌ cos൫ߠ௫ҧ௬൯ ൌ ௬ೕௌ  ,  and      (3.44) 
  ݊ଵ ൌ cosሺߠ௫ҧ௭ሻ ൌ ௭ೕௌ  .       (3.45) 
The unit vector along ݔҧ-axis is 
  ଓ̂ ҧ ൌ ൫ݔ௝ ଓ̂ ൅ ݕ௝ ଔ̂ ൅ ݖ  ෠݇൯/ ܵ.      (3.46) 
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Assuming, ଔ̂ ҧ is normal to ෠݇:  
  ଔ̂ ҧ ൌ   ෠݇  ݔ ଓ̂ ҧ .        (3.47)  
Eq. 3.47 is  
  ଔ̂ ҧ ൌ ଵD  ቮ 
ଓ̂ ଔ̂ ෠݇
0 0 1
݈ଵ ݉ଵ ݊ଵ
 ቮ ൌ   ଵD  ቮ 
ଓ̂ ଔ̂ ෠݇
0 0 1௫ೕ
ௌ
௬ೕ
ௌ
௭ೕ
ௌ
 ቮ ൌ  െ ௬ೕௌ ஽  ଓ̂ ൅
௫ೕ
ௌ ஽  ଔ.̂ (3.48) 
Here,     ܦ ൌ ට൫݈ଵଶ ൅ ݉ଵଶ൯ .      (3.49) 
Also:  
    ݈ଶ ൌ  െ ௠భ஽  ,      (3.50) 
    ݉ଶ ൌ    ௟భ஽ , and     (3.51) 
    ݊ଶ ൌ  0.      (3.52) 
Again, ෠݇ത is normal to ଓ̂ ҧ and ଔ̂ ҧ, and as such  
 ෠݇ത ൌ   ଓ̂ ҧ ݔ ଔ̂ ҧ ൌ ଵD  ቮ 
ଓ̂ ଔ̂ ෠݇
݈ଵ ݉ଵ ݊ଵ
െ݉ଵ ݈ଵ 0
ቮ ൌ  െ ௟భ௡భ ஽  ଓ̂ െ  
௠భ௡భ 
஽  ଔ̂ ൅  ܦ  ෠݇ .   (3.53) 
So, from Eq. 3.53:  
    ݈ଷ ൌ  െ ௟భ௡భ ஽ ,      (3.54) 
    ݉ଷ ൌ   െ ௠భ௡భ ஽ ,     (3.55) 
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    ݊ଷ ൌ  ܦ.      (3.56) 
Therefore:  
  ቐ 
ଓ̂ ҧ
ଔ̂ ҧ
෠݇ത
 ቑ ൌ  
ۏێ
ێێ
ۍ ݈1 ݉1 ݊1െ ݉1ܦ ݈1ܦ 0
െ ݈1݊1 ܦ െ ݉1݊1 ܦ ܦ ےۑ
ۑۑ
ې
 ൝ 
ଓ̂
ଔ̂
෠݇
 ൡ .     (3.57) 
For the links with length, ܵ, substituting the values of ݈ଵ, ݉ଵ, ݊ଵ, and ܦ in Eq. 
3.57  
  ቐ 
ଓ̂ ҧ
ଔ̂ ҧ
෠݇ത
 ቑ ൌ  
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
௫ೕ
ௌ
௬ೕ
ௌ
௭ೕ
ௌ
െ  ௬ೕ
ට௫ೕమା௬ೕమ
௫ೕ
ට௫ೕమା௬ೕమ
0
െ  ௫ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
െ  ௬ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
ට௫ೕమା௬ೕమ
ௌ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
 ൝ 
ଓ̂
ଔ̂
෠݇
 ൡ.  (3.58) 
Now, if we consider a displacement field, ൛ݑത௝ൟ ൌ   ൝
ݑ௝ݒ௝ݓ௝
ൡ, then:  
 ݑሬԦ௝ ൌ   ہݑത௝ ݒҧ௝ ݓഥ௝ۂ ቐ 
ଓ̂ ҧ
ଔ̂ ҧ
෠݇ത
 ቑ ൌ   ہݑ௝ ݒ௝ ݓ௝ۂ ൝ 
ଓ̂
ଔ̂
෠݇
 ൡ ൌ   උଓ̂ ҧ ଔ̂ ҧ ෠݇തඏ  ቐ
ݑത௝
ݒҧ௝
ݓഥ௝
ቑ ൌ උଓ̂ ଔ̂ ෠݇ඏ ൝
ݑ௝ݒ௝ݓ௝
ൡ . 
           (3.59) 
Substituting Eq. 3.58 into Eq. 3.59:  
 ݑሬԦ௝ ൌ   උଓ̂ ଔ̂ ෠݇ඏ  
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
  
௫ೕ
ௌ െ 
௬ೕ
ට௫ೕమା௬ೕమ
െ  ௫ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
௬ೕ
ௌ
௫ೕ
ට௫ೕమା௬ೕమ
െ  ௬ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
௭ೕ
ௌ 0
ට௫ೕమା௬ೕమ
ௌ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
 ቐ
ݑത௝
ݒҧ௝
ݓഥ௝
ቑ ൌ උଓ̂ ଔ̂ ෠݇ඏ  ൝
ݑ௝ݒ௝ݓ௝
ൡ (3.60) 
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Therefore, because උଓ̂ ଔ̂ ෠݇ඏ is arbitrary,  
    
ۏ
ێێ
ێێ
ێێ
ۍ
  
ݔ݆
ܵ െ 
ݕ݆
ටݔ݆2൅ݕ݆2
െ  ݔ݆ ݖ݆ܵ ටݔ݆2൅ݕ݆2
ݕ݆
ܵ
ݔ݆
ටݔ݆2൅ݕ݆2
െ  ݕ݆ ݖ݆ܵ ටݔ݆2൅ݕ݆2
ݖ݆
ܵ 0
ටݔ݆2൅ݕ݆2
ܵ ے
ۑۑ
ۑۑ
ۑۑ
ې
 ቐ
ݑഥ݆
ݒഥ݆
ݓഥ ݆
ቑ ൌ ቐ
ݑ݆ݒ݆ݓ݆
ቑ .   (3.61) 
 For an orthogonal transformation, T, the following identity can be proven:  
  ሾܶሿିଵ ൌ   ሾܶሿ்.        (3.62) 
Therefore:  
  ቐ
ݑത௝
ݒҧ௝
ݓഥ௝
ቑ ൌ
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
௫ೕ
ௌ
௬ೕ
ௌ
௭ೕ
ௌ
െ  ௬ೕ
ට௫ೕమା௬ೕమ
௫ೕ
ට௫ೕమା௬ೕమ
0
െ  ௫ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
െ  ௬ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
ට௫ೕమା௬ೕమ
ௌ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
 ൝
ݑ௝ݒ௝ݓ௝
ൡ .  (3.63) 
Now, the total strain energy stored in a single link or frame element consists of 
axial and bending strain energy and can be written as  
  ௝ܷ ൌ   ଵଶ ቂ
ଵ
ଶ 
஺ᇲாᇲ
ௌ  ݑఫഥ ଶ ൅ 
଺ாᇲூᇲ
ௌయ  ݒఫഥଶ ൅ 
଺ாᇲூᇲ
ௌయ  ݓఫതതതଶቃ.    (3.64) 
Eq. 3.64 can be written in matrix form as  
  ௝ܷ ൌ   ہݑത௝ ݒҧ௝ ݓഥ௝ۂ 
ۏ
ێێ
ێ
ۍ஺
ᇲாᇲ
ସௌ 0 0
0 ଷாᇲூᇲௌయ 0
0 0 ଷாᇲூᇲௌయ ے
ۑۑ
ۑ
ې
 ቐ
ݑത௝
ݒҧ௝
ݓഥ௝
ቑ .   (3.65) 
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Again,  
  ൝
ݑ௝ݒ௝ݓ௝
ൡ ൌ   ൝
ݔ௝ߝ௫ݕ௝ߝ௬ݖ௝ߝ௭
ൡ ൌ   ቎
ݔ௝ 0 0
0 ݕ௝ 0
0 0 ݖ௝
቏ ൝
ߝ௫ߝ௬ߝ௭
ൡ .    (3.66) 
Therefore, Eq. 3.63 can be written as  
 ቐ
ݑത௝
ݒҧ௝
ݓഥ௝
ቑ ൌ  
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
௫ೕ
ௌ
௬ೕ
ௌ
௭ೕ
ௌ
െ  ௬ೕ
ට௫ೕమା௬ೕమ
௫ೕ
ට௫ೕమା௬ೕమ
0
െ  ௫ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
െ  ௬ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
ට௫ೕమା௬ೕమ
ௌ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
 ቎
ݔ௝ 0 0
0 ݕ௝ 0
0 0 ݖ௝
቏ ൝
ߝ௫ߝ௬ߝ௭
ൡ ൌ   ሾܣଵሿሼߝሽ .  
(3.67) 
Here,   
          ሾܣଵሿ ൌ  
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
௫ೕ
ௌ
௬ೕ
ௌ
௭ೕ
ௌ
െ  ௬ೕ
ට௫ೕమା௬ೕమ
௫ೕ
ට௫ೕమା௬ೕమ
0
െ  ௫ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
െ  ௬ೕ ௭ೕ
ௌ ට௫ೕమା௬ೕమ
ට௫ೕమା௬ೕమ
ௌ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
 ቎
ݔ௝ 0 0
0 ݕ௝ 0
0 0 ݖ௝
቏ .  (3.68) 
 It is noted that two exceptional cases arise (see Figure 3.9) when the local and the 
global axes have special orientations with respect to each other. If the local ݔҧ axis 
coincides with the global z axis, then the frame element is parallel to the global ݖ axis and 
the ݕത axis becomes uncertain. In this case, the local ݕത axis is selected as the global ݕ axis. 
Then, for the positive ݔҧ axis in the same direction as the global ݖ axis, Eq. 3.68 is:  
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  ሾܣଵሿ ൌ   ൥
0 0 1
0 1 0
െ1 0 0
൩ ቎
ݔ௝ 0 0
0 ݕ௝ 0
0 0 ݖ௝
቏ .     (3.69) 
Again, for the positive ݔҧ axis opposite the global ݖ axis, Eq. 3.68 becomes  
  ሾܣଵሿ ൌ   ൥
0 0 െ1
0 1 0
1 0 0
൩ ቎
ݔ௝ 0 0
0 ݕ௝ 0
0 0 ݖ௝
቏ .     (3.70) 
Thus, Eq. 3.65 is expressed as:  
 ௝ܷ ൌ   ہߝۂሾܣଵሿ்  
ۏ
ێێ
ێ
ۍ஺
ᇲாᇲ
ସௌ 0 0
0 ଷாᇲூᇲௌయ 0
0 0 ଷாᇲூᇲௌయ ے
ۑۑ
ۑ
ې
 ሾܣଵሿሼߝሽ ൌ   ہߝۂሾܣଵሿ் ሾܤଵሿ ሾܣଵሿሼߝሽ . (3.71) 
Here,   ሾܤଵሿ ൌ
ۏ
ێێ
ێ
ۍ஺
ᇲாᇲ
ସௌ 0 0
0 ଷாᇲூᇲௌయ 0
0 0 ଷாᇲூᇲௌయ ے
ۑۑ
ۑ
ې
 .      (3.72) 
 Similarly, for the links with length, √2 ܵ  
 ሾܣଶሿ ൌ  
ۏ
ێ
ێ
ێ
ێ
ێ
ۍ
௫ೕ
√ଶௌ
௬ೕ
√ଶௌ
௭ೕ
√ଶௌ
െ  ௬ೕ
ට௫ೕమା௬ೕమ
௫ೕ
ට௫ೕమା௬ೕమ
0
െ  ௫ೕ ௭ೕ
√ଶௌ ට௫ೕమା௬ೕమ
െ  ௬ೕ ௭ೕ
√ଶௌ ට௫ೕమା௬ೕమ
ට௫ೕమା௬ೕమ
√ଶௌ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې
 ቎
ݔ௝ 0 0
0 ݕ௝ 0
0 0 ݖ௝
቏,  (3.73) 
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 ሾܤଶሿ ൌ
ۏ
ێێ
ێێ
ۍ஺
ᇲாᇲ
ସ√ଶௌ 0 0
0 ଷாᇲூᇲ൫√ଶௌ൯య 0
0 0 ଷாᇲூᇲ൫√ଶௌ൯యے
ۑۑ
ۑۑ
ې
 .      (3.74) 
 Note that, for the exceptional cases, Eq. 3.73 and Eq.3.74 remain same for the 
links with length, √2ܵ.  
Defining the strain energy per unit volume contributed by the twelve links of 
length S, as ∑ ௝ܷଵ, and the strain energy per unit volume contributed by the six links of 
length √2 ܵ, as ∑ ௝ܷଶ, respectively, the total strain energy per unit volume of the 
peridynamic lattice under consideration is:  
  ்ܷ ൌ  ∑ ௝ܷଵ ൅ ∑ ௝ܷଶ ൌ ∑  ہߝۂሾܣሿ் ሾܤሿ ሾܣሿሼߝሽ௔௟௟ ௟௜௡௞௦  .  (3.75) 
Equating the micropolar strain energy of all the links associated with one single 
particle to the conventional strain energy:  
  ்ܷ ൌ  ∑ ௝ܷଵଵଶ௝ୀଵ ൅ ∑ ௝ܷଶ଺௝ୀଵ ൌ   ଵଶ ہߝۂ ሾܧሿ ሼߝሽ Δܸ .   (3.76) 
 Because the strain field, ሼߝሽ, is arbitrary and combining Eq. 3.75 and 3.76, we get  
    ∑  ሾܣሿ் ሾܤሿ ሾܣሿ௔௟௟ ௟௜௡௞௦ ൌ   ଵଶ ሾܧሿ Δܸ,     (3.77) 
where,  ሾܧሿ ൌ   ாሺଵାఔሻሺଵିଶఔሻ ቎
ሺ1 െ ߥሻ ߥ ߥ
ߥ ሺ1 െ ߥሻ ߥ
ߥ ߥ ሺ1 െ ߥሻ
቏.   (3.78) 
 Eq. 3.77 is the general equation relating the micropolar strain energy to 
conventional strain energy for any lattice pattern. This equation results in a set of 
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simultaneous equations, which can be solved to determine the microelastic constants in 
terms of ܧ, ߥ, and ܵ.  
 The volume contribution of each particle, Δܸ, is next determined to get the 
microelastic constant in terms of the elastic constants and ܵ. Two approaches can be used 
to determine this volume.  
 In the first approach, let us consider that the lattice has ݊௫, ݊௬, and, ݊௭ numbers of 
particles in each direction. Referring to the Figure 3.5, the spacing of the particles in ݔ, ݕ, 
and ݖ directions are, ܵ, √ଷଶ  S, and, ට
ଶ
ଷ  ܵ, respectively. Thus, the volume contribution of 
each particle, Δܸ, is determined by dividing the total volume of the lattice by total 
number of particles. Hence,   
 Δܸ ൌ   ்௢௧௔௟ ௏௢௟௨௠௘ ௢௙ ௠௔௧௘௥௜௔௟்௢௧௔௟ ௡௨௠௕௘௥ ௢௙ ௣௔௥௧௜௖௟௘௦ ൌ  
ሺ௡ೣכௌሻכ൬ ௡೤כ√యమ  S൰כቆ௡೥כට
మ
య ௌቇ 
௡ೣכ ௡೤כ௡೥  ൌ  
ௌయ
√ଶ .   (3.79) 
 In the second approach, referring to the Figure 3.8, we found, the contributing 
volume of the particle is  √ଷଶ  ܵଶݐ. Now if we consider, there are at least 3 layers of 
hexagonal mesh for a  hexagonal close-packed lattice model, ݐ can be replaced by the 
height of a pyramid, as, ටଶଷ  ܵ. Thus the volume is:  
   Δܸ ൌ   √ଷଶ  ܵଶݐ ൌ  
√ଷ
ଶ  ܵଶ כ ට
ଶ
ଷ  ܵ ൌ   
ௌయ
√ଶ .    (3.80) 
Hence, both of the approaches give the same Δܸ, as they must.  
 Substituting Δܸ in the Eq. 3.80, and rearranging:  
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   ∑ ሾܣଵሿ் ሾܤଵሿ ሾܣଵሿଵଶ௝ୀଵ ൅ ∑ ሾܣଶሿ் ሾܤଶሿ ሾܣଶሿ଺௝ୀଵ ൌ    ௌ
య
ଶ √ଶ ሾܧሿ.  (3.81)  
 A Matlab code which is included in the appendix was developed to solve Eq. 3.81 
for the microelastic constants. The equations turned out to be of the form:  
  ൥
ܽ ܾ ܿ
ܾ ܽ ܿ
ܿ ܿ ݀
൩ ൌ   ቎
݁ ݂ ݂
݂ ݁ ݂
݂ ݂ ݁
቏      (3.82) 
for which it is required that  
  ܽ ൌ ݁ ,         (3.83) 
  ܾ ൌ ݂ ,        (3.84) 
  ܿ ൌ ݂ ,         (3.85) 
  ݀ ൌ ݁.         (3.86) 
These four simultaneous equations then solved by using the Matlab symbolic toolkit, and 
the following solution is found for the microelastic constants. It should be noted that we 
assumed the microelastic constants for short links are of one type while the long links are 
of another type.  
  ሺܣܧሻଵ ൌ  െ ଷ√ଶ ௤ௌమ െ ൥
ଷ√ଶ ௤ି √ଶ൬ଷ௤ି ಶೄరర ൰
ௌమሺఔାଵሻሺଶఔିଵሻ ൩     (3.87) 
  ሺܫܧሻଵ ൌ  െ √ଶ ௤ସ െ ቂ
√ଶ ாௌరିସ√ଶாఔௌర
ସ଼ሺఔାଵሻሺଶఔିଵሻ ቃ     (3.88) 
  ሺܣܧሻଶ ൌ    ଺ ௤ௌమ െ 
ாఔௌమ
ଶ ሺఔାଵሻሺଶఔିଵሻ       (3.89) 
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  ሺܫܧሻଶ ൌ  ݍ        (3.90) 
Note that the subscript 1 stands for the microelastic constants for the links with length, ܵ, 
and subscript 2 stands for the microelastic constants for the links with length, √2ܵ. Here, 
in Eq. 3.87 to Eq.3.90, ݍ is a constant with any real value. Thus, theoretically an infinite 
number of solutions are available for the microelastic constants. Considering a special 
case, ݍ ൌ 0, these parameters become:  
  ሺܣܧሻଵ ൌ  െ  √ଶாௌ
ర
ସௌమሺఔାଵሻሺଶఔିଵሻ        (3.91) 
  ሺܫܧሻଵ ൌ  െ √ଶ ൫ாௌ
రିସாఔௌర൯
ସ଼ ሺఔାଵሻሺଶఔିଵሻሻ      (3.92) 
  ሺܣܧሻଶ ൌ   െ  ாఔௌ
మ
ଶ ሺఔାଵሻሺଶఔିଵሻ       (3.93) 
  ሺܫܧሻଶ ൌ  0        (3.94) 
 To check if the lattice rotation has any effect on these parameters a separate 
Matlab code was developed which is attached in the appendix. From the analysis it is 
observed that for all rotations about ݔ, ݕ, ݖ, the microelastic parameters do not vary. This 
fact can be proven mathematically; this proof is not included here.    
3.5 Conclusion 
 The lattice-based peridynamic model described in this chapter is a new method 
developed to reduce the computational effort required with the conventional peridynamic 
model. The major advantage of this method is that it requires with fewer force 
computations per particle, which leads to improved computational efficiency. The lattice-
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based micropolar peridynamic model relieves the engineer of having to make decisions 
about how to discretize the domain – it is already discretized. The engineer need only 
choose spacing, ܵ, and the locus of the lattice with respect to the structure being 
analyzed.  
 It is true that S must be small with respect to the size of the object being analyzed 
if objective results are to be achieved. This is analogous to the fact that aggregate size 
must be small with respect to the structure if objective strength is to be achieved. Thus, if 
S is chosen to be the aggregate size in a small concrete structure, objective results would 
not be expected.     
Next, in chapter four, a convergence study is conducted to understand the lattice 
peridynamic model better and to compare the efficiency and the results to those of the 
traditional peridynamic model.  
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Chapter 4 
Convergence Study 
4.1 Introduction 
 The objective of this chapter is to study and understand the convergence behavior 
of the lattice-based micropolar peridynamic model. The traditional bond-based 
peridynamic model and the 2D lattice-based peridynamic model are compared. For a 2D 
hexagonal lattice model, each particle communicates with six neighbors at most.  
 
    
 
 
  
    
   Figure 4.1 2D Traditional peridynamic discretization      Figure 4.2 Hexagonal lattice 
On the other hand, the traditional peridynamic discretization requires at least 
twenty nine particles in the material horizon for reasonable results. Figure 4.1 and Fig 4.2 
show the material horizon and particle locations for these two peridynamic models. Thus, 
compared to the traditional model, the computational time for a hexagonal lattice 
peridynamic model is lower by a factor of ଶ଼଺  ൎ 5, because fewer force calculations are 
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involved. To develop an understanding of the degree of accuracy of these models, the 
analysis results are compared to analytical results in this chapter.  
4.2 Summary of study activities 
 The present study considers cantilever beams and axially-loaded bars in the 
convergence study. The members are modeled using both the traditional peridynamic 
method and the hexagonal lattice-based peridynamic method. In case of the hexagonal 
close-packed peridynamic lattice, variable lattice orientations are considered. The lattice 
orientations involved for hexagonal close packed peridynamic modeling are 0º, 7.5º, 15º, 
30º, 45º, 52.5º, and 60º.  
 
 
 
 
 
 
 
Figure 4.3 30x10 inch cantilever beam with 0º lattice orientation 
All the beams and plates were restrained at the left end and loaded at the right 
end. A typical cantilever beam of size 30x10x12 inch with 0º and 15º lattice orientations 
are shown in Figure 4.3 and Figure 4.4. For all analyses, the lattice spacing, S, is 1 inch. 
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Here, in the Figure 4.3 and 4.4, the red nodes represent the particles which are restrained, 
and the blue nodes represent loaded particles. 
 
 
 
 
 
 
 
Figure 4.4 30x10 inch cantilever beam with 15º lattice orientation 
Figure 4.5 presents a typical traditional peridynamic model of a cantilever beam 
with dimension 30 x 10 inch. Note that the boundary conditions i.e. restrained and loaded 
particles need to have a minimum of 3 consecutive columns of particles to attain 
acceptable accuracy. 
 
 
 
 
 
Figure 4.5 30x10 inch cantilever beam  
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4.3 Graphical output results 
Each of the cantilever beams and bars was modeled using pdQ [Sakhavand 2011]. 
Figure 4.6 and Figure 4.7 show the magnified deflected shapes of a 100x30 inch 
cantilever beam with 0º and 7.5º lattice rotations of the hexagonal lattice. Figure 4.8 and 
Figure 4.9 show the deformed shape of a 200x60 inch axially loaded plate modeled with 
close-packed lattice with 0° and 7.5° lattice rotations. Figure 4.10 and Figure 4.11 show 
typical graphical output results of the deformed shape in case of ordinary peridynamic 
method for 30x10x1 inch transversely loaded cantilever beam and axially loaded plate 
respectively. 
 
 
 
 
 
 
 
 
Figure 4.6 Deflected shape of 100x30 inch cantilever beam, θ = 0° 
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Figure 4.7 Deflected shape of 100x30 inch cantilever beam, θ = 7.5° 
 
  
 
 
 
 
 
 
Figure 4.8 Deformed shape of plate under axial loading, 0º lattice rotation 
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Figure 4.9 Deformed shape under axial loading, 7.5º lattice rotation 
 
 
 
 
 
 
 
 
Figure 4.10 Ordinary peridynamic model output for laterally-loaded cantilever beam 
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Figure 4.11 Ordinary peridynamic model output for axially loaded plate 
In both cases i.e. lateral and axial load applied to a member, the static solution 
was found by dynamic relaxation. Figure 4.12 shows a typical time history output of the 
particle at the lower left corner for a 30x10 inch cantilever beam with 7.5° lattice 
rotation.  
 
 
 
 
 
 
Figure 4.12 Time-history plot for 30x10 inch cantilever beam 
with 7.5º lattice orientation, damping factor = 600 
Typical time history outputs for longitudinal and transverse deformations of 
200x60 inch plate for lattice orientation 0º are shown in Figure 4.13 and Figure 4.14. 
 
58  
 
 
  
 
 
 
 
 
Figure 4.13 Time-history plot of longitudinal deformation for 200x60 
inch axially loaded plate with θ = 0º, damping factor = 100 
 
 
 
 
 
 
 
 
Figure 4.14 Time-history plot of transverse deformation for 200x60 inch 
axially loaded plate with θ = 0º, damping factor = 100 
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4.4 Analytical Solution: Axially loaded Plate 
The following equation is used to calculate the axial deformation of the plates:   
   ݑ ൌ   ௉௅஺ா       (4.1) 
where, P = Applied load at the end of the plate in longitudinal direction, L = Length of 
the plate, E = Young’s Modulus of Elasticity of the material, A = cross sectional area of 
the plate.  
Example Calculations 
The following is the sample calculation to determine the deflection of a 200x60x1 
inch beam 
 Length,    L = 200 inch = 200 x 0.0254 m = 5.08 m  
 Depth,    D = 60 inch = 60 x 0.0254 m = 1.524 m  
 Thickness,    t = 1 inch = 0.0254 m  
Modulus of Elasticity,  E = 24.85 x 109 N/m² 
 Poison’s Ratio,   ν = 1/3  
 Applied load,    P = Number of loaded particles x 25 N 
Note that the number of loaded particles varies with the lattice orientation of 
closed packed lattice peridynamic model under concern. Each loaded particle was loaded 
with 25N load. For a typical case, for lattice orientation, θ = 0º, the number of loaded 
particle was found to be 70. Therefore,  
   P = 70 x 25 N = 1750 N (Axial load). 
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From Eq. 4.1, the axial deformation is 
   ݑ ൌ   ଵ଻ହ଴כହ.଴଼ሺଵ.ହଶସכ଴.଴ଶହସሻכଶସ.଼ହ௫ଵ଴వ ൌ 9.242 ݔ 10ି଺ ݉. 
4.5 Analytical Solution: Transversely loaded cantilever beam 
For the analytical solution, the flexural deflection at the end of the cantilever 
beam was calculated using the following expression:   
   ∆௕ൌ   ௉௅
య
ଷாூ        (4.2) 
where, P = Applied downward load at the end of cantilever beam, L = Length of the 
Beam, E = Young’s Modulus of Elasticity of the material, I = Moment of Inertia of the 
beam section.  
For shear deflection, we have: 
   ∆௦ൌ   ௉௅ ఈ஺ீ          where,    ߙ ൌ  1.5 .  (4.3) 
In the above expression, A = cross-sectional are of the beam section, G = Shear 
Modulus, calculated as  ܩ ൌ ாଶሺଵାఔሻ .  
Using the Eq. 4.2 and Eq. 4.3, the total deflection of the end of a cantilever beam 
is 
   ∆௧௢௧௔௟ൌ  ∆௕ ൅ ∆௦ .      (4.4) 
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Example Calculations 
The following is the sample calculation to determine the deflection of the 
5x15x12 inch beam:  
 Length,    L = 50 inch = 50 x 0.0254 m = 1.27 m  
 Depth,    D = 15 inch = 15 x 0.0254 m = 0.381 m  
 Width,    B = 12 inch = 12 x 0.0254 m = 0.3048 m  
 Modulus of Elasticity   E = 24.85 x 109 N/m² 
 Poison’s Ratio   ν = 0.22  
 Applied load,    P = Number of Loaded particle x 0.4 N 
The number of loaded particle at the beam end varies with the lattice orientation 
of hexagonal peri-dynamic model under concern. Each loaded particle was loaded with 
0.4N load. For a typical case, for lattice orientation, θ = 60º, the number of loaded 
particle is found to be 17. Therefore,  
   P = 17 x 0.4 N = 6.8 N (downward load) 
   ܫ ൌ   ஻஽యଵଶ ൌ  
଴.ଷ଴ସ଼כ଴.ଷ଼ଵయ
ଵଶ ൌ 1.4048 ݔ 10ିଷ ݉ସ . 
From Eq. 4.2, flexural deflection 
   ∆௕ൌ   ଺.଼כଵ.ଶ଻
య
ଷכଶସ.଼ହ ௫ ଵ଴వכଵ.ସ଴ସ଼ ௫ ଵ଴షయ ൌ 1.33 ݔ 10ି଻ ݉ . 
Again,  
   ܩ ൌ ଶସ.଼ହ௫ଵ଴వଶሺଵା଴.ଶଶሻ ൌ 10.184 ݔ 10ଽ ܰ/݉ଶ   
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   A = B*D = 0.381*0.3048 = 0.1161288 m². 
Then shear deflection from Eq. 4.3  
   ∆௦ൌ   ଺.଼כଵ.ଶ଻כଵ.ହ଴.ଵଵ଺ଵଶ଼଼כଵ଴.ଵ଼ସ ௫ ଵ଴వ ൌ 0.10953 ݔ 10ି଻  ݉  
Therefore, the total deflection 
   ∆௧௢௧௔௟ൌ  ∆௕ ൅ ∆௦ൌ 1.4395 ݔ 10ି଻  ݉ 
The percentage error is defined as  
 ܲ݁ݎܿ݁݊ݐ ݁ݎݎ݋ݎ ൌ   ௉௘௥௜ௗ௬௡௔௠௜௖ ௌ௢௟௨௧௜௢௡ି஺௡௔௟௬௧௜௖௔௟ ௌ௢௟௨௧௜௢௡஺௡௔௟௬௧௜௖௔௟ ௌ௢௟௨௧௜௢௡  ൈ 100 
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4.6 Result Summary  
Tables 4.1 to 4.5 summarize the end deflections of cantilever beams with different 
sizes and lattice orientations using the lattice based peridynamic method, and thus 
compared with the analytical solution.  
 
Table 4.1 Result summary of beam size 15x5x12 inch 
Lattice 
Orientation 
(θº) 
Number of 
loaded 
particle at 
right end of 
the beam 
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Deflection of 
Right End by 
pdQ, 
(Δtotal), m 
Deflection of 
Right End by 
Analytical 
solution, 
(Δtotal), m 
Deviation 
from 
analytical 
(%) 
 
0 6 93 2.4 3.3100x10-8 3.7702x10-8 -12.21% 
7.5 5 85 2 3.2680x10-8 3.1418x10-8 +4.02% 
15 5 86 2 3.9140x10-8 3.1418x10-8 +24.58% 
30 5 85 2 4.7970x10-8 3.1418x10-8 +52.68% 
45 5 84 2 3.8830x10-8 3.1418x10-8 +23.59% 
52.5 6 86 2.4 3.8310x10-8 3.7702x10-8 +1.61% 
60 6 90 2.4 6.5800x10-8 3.7702x10-8 +74.53% 
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Table 4.2 Result summary beam size 30x10x12 inch 
Lattice 
Orientation 
(θº) 
Number of 
loaded particle 
at right end of 
the beam 
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Deflection of 
Right End by 
pdQ, 
(Δtotal), m 
Deflection of Right 
End by Analytical 
solution, 
(Δtotal), m 
Deviation from 
analytical 
(%) 
0 12 366 4.8 2.4700x10-8 7.5394x10-8 -205.24% 
7.5 11 345 4.4 5.5700x10-8 6.9111x10-8 -19.41% 
15 12 348 4.8 5.6400x10-8 7.5394x10-8 -25.19% 
30 11 359 4.4 6.2900x10-8 6.9111x10-8 -8.99% 
45 11 346 4.4 4.8900x10-8 6.9111x10-8 -29.24% 
52.5 12 348 4.8 5.4200x10-8 7.5394x10-8 -28.11% 
60 11 330 4.4 3.8000x10-8 6.9111x10-8 -45.02% 
 
Table 4.3: Result summary for beam size 50x15x12 inch 
Lattice 
Orientation 
(θº) 
Number of 
loaded particle 
at right end of 
the beam 
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Deflection of 
Right End by 
pdQ, 
(Δtotal), m 
Deflection of Right 
End by Analytical 
solution, 
(Δtotal), m 
Deviation from 
analytical 
(%) 
 
0 27 909 10.8 1.9656x10-7 2.2864x10-7 -14.03% 
7.5 17 868 6.8 1.4824x10-7 1.4395x10-7 +2.98% 
15 18 866 7.2 1.6363x10-7 1.5242x10-7 +7.35% 
30 15 870 6.0 1.4459x10-7 1.2702x10-7 +13.83% 
45 18 865 7.2 1.6910x10-7 1.5242x10-7 +10.94% 
52.5 17 867 6.8 1.5076x10-7 1.4395x10-7 +4.73% 
60 17 850 6.8 1.4884x10-7 1.4395x10-7 +3.40% 
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Table 4.4 Result summary for beam size 100x30x12 inch 
Lattice 
Orientation 
(θº) 
Number of 
loaded particle 
at right end of 
the beam 
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Deflection of 
Right End by 
pdQ, 
(Δtotal), m 
Deflection of Right 
End by Analytical 
solution, 
(Δtotal), m 
Deviation from 
analytical 
(%) 
0 35 3518 14 2.8959x10-7 2.9640x10-7 -2.30% 
7.5 35 3463 14 3.0681x10-7 2.9640x10-7 +3.51% 
15 36 3465 14.4 3.2390x10-7 3.0487x10-7 +6.24% 
30 30 3504 12 2.6070x10-7 2.5406x10-7 +2.61% 
45 34 3464 13.6 3.0160x10-7 2.8793x10-7 +4.75% 
52.5 34 3464 13.6 2.9910x10-7 2.8793x10-7 +3.88% 
60 34 3400 13.6 3.0400x10-7 2.8793x10-7 +5.58% 
 
 Table 4.5 Result summary for beam size 200x60x12 inch 
Lattice 
Orientation 
(θº) 
Number of 
loaded particle 
at right end of 
the beam 
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Deflection of 
Right End by 
pdQ, 
(Δtotal), m 
Deflection of Right 
End by Analytical 
solution, 
(Δtotal), m 
Deviation from 
analytical 
(%) 
0 105 14035 42 8.7690x10-7 8.8914x10-7 -1.38% 
7.5 68 13856 27.2 5.9790x10-7 5.7582x10-7 +3.83% 
15 70 13857 28 6.2000x10-7 5.9276x10-7 +4.60% 
30 61 13918 24.4 5.2780x10-7 5.1655x10-7 +2.18% 
45 70 13857 28 6.1960x10-7 5.9276x10-7 +4.53% 
52.5 70 13856 28 6.1780x10-7 5.9276x10-7 +4.22% 
60 69 13800 27.6 6.0170x10-7 5.8429x10-7 +2.98% 
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Figure 4.15 shows percent error versus total number of nodes plots for each of the 
lattice orientations for close packed lattice based peridynamic model.  
 
 
 
 
 
 
 
 
Figure 4.15 Percent error versus total number of nodes plot 
To get a closer look on how the error converge with increasing number of nodes in a 
close packed lattice model, Figure 4.16 represents percent error versus total number of 
nodes. 
 
 
  
 
 
 
Figure 4.16 Percent error versus total number of nodes data points 
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Tables 4.6 through 4.10 summarize the axial deformation of rectangular plates of 
different sizes and lattice orientations by hexagonal peri-dynamic method, and thus 
compared with the analytical solution. The calculated Poisson’s ratios are also listed.   
 
Table 4.6 Result summary for 15 x 5 x 1 inch axially loaded plate 
 
Lattice 
Orientation 
(θº) 
Number 
of 
loaded 
particles  
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Longitudinal 
deformation 
by pdQ 
(u), m 
Longitudinal 
deformation 
by 
Analytical 
method 
(u), m  
Deviation 
from 
analytical 
(%) 
Transverse 
deformation 
by pdQ 
(u), m 
Apparent 
Poisson’s 
ratio in 
pdQ 
0 6 93 150 7.120x10-7 7.129x10-7 -0.13% 7.170x10-8 0.3021 
7.5 5 85 125 6.340x10-7 5.941x10-7 +6.72% 5.194x10-8 0.2458 
15 5 86 125 7.600x10-7 5.941x10-7 +27.92% 8.855x10-8 0.3495 
30 5 85 125 6.720x10-7 5.941x10-7 +22.05% 8.030x10-8 0.3806 
45 5 84 125 6.890x10-7 5.941x10-7 +15.97% 6.280x10-8 0.2734 
52.5 6 86 150 8.170x10-7 7.129x10-7 +14.60% 8.931x10-8 0.3279 
60 6 90 150 6.860x10-7 7.129x10-7 -14.57% 6.927x10-8 0.3029 
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Table 4.7 Result summary for 30 x10 inch axially loaded plate 
 
Lattice 
Orientation 
(θº) 
Number 
of 
loaded 
particles  
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Longitudinal 
deformation 
by pdQ 
(u), m 
Longitudinal 
deformation 
by 
Analytical 
method 
(u), m 
Deviation 
from 
analytical 
(%) 
Transverse 
deformation 
by pdQ 
(u), m 
Apparent 
Poisson’s 
ratio in 
pdQ 
0 12 366 300 1.419x10-6 1.426x10-6 -0.49% 1.546x10-7 0.3241 
7.5 11 345 275 1.357x10-6 1.287x10-6 +5.44% 1.457x10-7 0.3221 
15 12 348 300 1.531x10-6 1.426x10-6 +7.36% 1.790x10-7 0.3524 
30 11 355 275 1.471x10-6 1.287x10-6 +14.30% 1.656x10-7 0.3481 
45 11 346 275 1.488x10-6 1.287x10-6 +15.62% 1.712x10-7 0.3453 
52.5 12 348 300 1.553x10-6 1.426x10-6 +8.91% 1.632x10-7 0.3164 
60 11 330 275 1.418x10-6 1.287x10-6 +10.18% 1.352x10-7 0.2740 
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Table 4.8 Result summary for 50 x15 inch axially loaded plate 
 
Lattice 
Orientation 
(θº) 
Number 
of 
loaded 
particles  
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Longitudinal 
deformation 
by pdQ 
(u), m 
Longitudinal 
deformation 
by 
Analytical 
method 
(u), m  
Deviation 
from 
analytical 
(%) 
 
Transverse 
deformation 
by pdQ 
(u), m 
Apparent 
Poisson’s 
ratio in 
pdQ 
 
0 18 909 450 2.392x10-6 2.377x10-6 +0.63% 2.392x10-7 0.3317 
7.5 17 868 425 2.366x10-6 2.245x10-6 +5.39% 2.401x10-7 0.3566 
15 17 866 425 2.416x10-6 2.245x10-6 +7.62% 2.470x10-7 0.3418 
30 15 870 375 2.153x10-6 1.980x10-6 +8.74% 2.292x10-7 0.3858 
45 17 865 425 2.482x10-6 2.245x10-6 +10.56% 2.487x10-7 0.3347 
52.5 17 867 425 2.376x10-6 2.245x10-6 +5.84% 2.250x10-7 0.3169 
60 17 850 425 2.391x10-6 2.245x10-6 +6.50% 2.192x10-7 0.3087 
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Table 4.9 Result summary for 100 x30 inch axially loaded plate 
 
Lattice 
Orientation 
(θº) 
Number 
of 
loaded 
particles  
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Longitudinal 
deformation 
by pdQ 
(u), m 
Longitudinal 
deformation 
by 
Analytical 
method 
(u), m  
Deviation 
from 
analytical 
(%) 
 
Transverse 
deformation 
by pdQ 
(u), m 
Apparent 
Poisson’s 
ratio in 
pdQ 
 
0 35 3518 875 4.850x10-6 4.621x10-6 +4.96% 4.778x10-7 0.3284 
7.5 35 3463 875 5.053x10-6 4.621x10-6 +9.35% 5.848x10-7 0.3858 
15 36 3465 900 5.206x10-6 4.753x10-6 +9.53% 5.787x10-7 0.3705 
30 30 3504 750 4.186x10-6 3.961x10-6 +5.68% 3.823x10-7 0.3044 
45 34 3464 850 4.706x10-6 4.489x10-6 +4.83% 3.857x10-7 0.2732 
52.5 34 3464 850 4.756x10-6 4.489x10-6 +5.81% 4.325x10-7 0.3031 
60 34 3400 850 4.801x10-6 4.489x10-6 +6.95% 4.497x10-7 0.3122 
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Table 4.10 Result summary for 200 x 60 inch axially loaded plate 
 
Lattice 
Orientation 
(θº) 
Number 
of 
loaded 
particles  
Total 
Number 
of 
particles 
Applied 
load 
(P), N 
Longitudinal 
deformation 
by pdQ 
(u), m 
Longitudinal 
deformation 
by 
Analytical 
method 
(u), m  
Deviation 
from 
analytical 
(%) 
 
Transverse 
deformation 
by pdQ 
(u), m 
Apparent 
Poisson’s 
ratio in 
pdQ 
 
0 70 14035 1750 9.675x10-6 9.242x10-6 +4.69% 9.700x10-7 0.3342 
7.5 68 13856 1700 9.411x10-6 8.978x10-6 +4.82% 9.582x10-7 0.3394 
15 70 13857 1750 9.750x10-6 9.242x10-6 +5.50% 11.230x10
-7 
0.3839 
30 61 13918 1525 8.480x10-6 8.054x10-6 +5.29% 8.849x10-7 0.3478 
45 70 13857 1750 9.790x10-6 9.242x10-6 +5.93% 10.144x10
-7 
0.3454 
52.5 70 13856 1750 9.840x10-6 9.242x10-6 +6.47% 9.989x10-7 0.3384 
60 69 13800 1725 9.651x10-6 9.110x10-6 +5.94% 9.579x10-7 0.3308 
 
Figure 4.17 shows percent error versus total number of nodes plots for each of the 
lattice orientations in case of an axially loaded plate.  
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Figure 4.17 Percent error versus total number of nodes plot 
To get a closer look at how the error converges with increasing number of nodes, Fig 4.18 
represents percent error versus total number of nodes data points – 
 
 
 
 
  
 
 
Figure 4.18 Percent error versus total number of nodes plot 
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In the case of the ordinary peridynamic model, Table 4.11 and Table 4.12 
summarize the end axial and flexure deformation of a cantilever beam with different sizes 
by peridynamic method, and thus compared with the analytical solution.  
Table 4.11 Axially loaded beam in case of ordinary peridynamic model 
Beam Size 
(inches) 
Number 
of 
loaded 
particles 
Applied 
load 
(P), N 
Damp 
Factor 
Axial deformation 
from  pdQ (ΔA), m 
Axial Deformation 
by Analytical 
solution, 
(ΔA), m 
Percent 
Error 
(%) 
 
30 x 10 x 1 30 300 375 1.47 x10-6 1.236 x 10-6 +18.93 
60 x 20 x 1 60 600 100 3.022 x10-6 2.662 x 10-6 +13.52 
90 x 30 x 1 90 900 100 4.569 x10-6 4.088 x 10-6 +11.76 
120 x 40 x 1 120 1200 100 6.1159 x10-6 5.513 x 10-6 +10.93 
300 x 100 x 1 300 1000 - - - - 
 
Table 4.12 Transversely Loaded cantilever beam in case of ordinary peridynamic model 
Beam Size 
(inches) 
Number of 
loaded 
particle at 
right end of 
the beam 
Applied 
load 
(P), N 
Damp 
Factor 
Deflection from 
pdQ, 
(ΔB), m 
Deflection by 
Analytical 
solution, 
(ΔB), m 
Percent 
Error 
(%) 
 
30 x 10 x 1 30 150 100 2.5906 x 10-5 1.9178 x10-5 +35.08 
60 x 20 x 1 60 300 25 5.641 x 10-5 4.7057 x 10-5 +19.87 
90 x 30 x 1 90 450 35 8.687 x 10-5 7.5354 x 10-5 +15.28 
120 x 40 x 1 120 600 25 11.73 x 10-5 10.3735 x 10-5 +13.07 
300 x 100 x 1 300 - - - - - 
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  Figure 4.19 and Figure 4.20 show comparison between close-packed lattice model 
and the ordinary peridynamic model.  
 
 
 
 
 
 
Figure 4.19: Percent error of deflection due to transverse loading 
versus total number of nodes plot. 
 
 
 
 
 
 
 
Figure 4.20 Percent error of deformation due to axial loading versus 
total number of nodes plot. 
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4.8 Discussion of results 
Case -1: Non-uniform boundary condition for coarser particle mesh 
It is clear from this study that percent error decreases with increasing total number 
of nodes. This is because of less uniform boundary conditions of the particles in case of 
lesser number of nodes constituting the problem. Figure 4.21, (a) to (g) shows how 
radically the boundary condition changes with the rotation of the lattice orientation in 
case of a 15x5 inch cantilever beam.  
On the other hand, a more refined mesh ensures sufficiently uniform boundary 
condition and therefore will reduce percent error. Figure 4.22 (a) to Figure 4.22 (d) shows 
a cantilever beam with dimension 100x30 inch with lattice rotation of 0º, 15º, 30º and 45º 
respectively in which it can be seen that the boundary conditions are more uniform then 
the case of a 15x5 inch beam.  
Case -2: Bending effect due to eccentric loading  
 For coarser mesh, sometime for a given problem the load does not pass through 
the neutral axis of the plate that generates a moment in the plate which ultimately results 
in deflection in transverse direction. This may possibly affect the axial deformation 
results. With a finer mesh, this effect of eccentricity is reduced.  
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                 (a) 0º lattice orientation    (b) 7.5º lattice orientation 
 
 
 
 
       (c) 15º lattice orientation    (d) 30º lattice orientation 
 
 
 
 
 
     (e) 45º lattice orientation    (e) 60º lattice orientation 
Figure 4.21 Boundary conditions for different lattice orientation  
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Figure 22(a) Boundary condition for 0º lattice orientation 
 
 
 
 
 
 
 
 
Figure 4.22(b) Boundary condition for 15º lattice orientation 
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Figure 4.22(c) Boundary condition for 30º lattice orientation 
 
 
 
 
 
 
 
 
Figure 4.22(d) Boundary condition for 45º lattice orientation 
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Chapter 5 
Conclusions 
5.1 Summary and Conclusions 
 The most important of the lattice-based peridynamic technique is the decreased 
computational cost. This modeling technique reduces the number of force computations 
per particle.  
 As shown in chapter four, the lattice-based peridynamic method produces higher 
accuracy for the benchmark problems considered for this study then the traditional 
discretization method. In the case of the traditional peridynamic discretization method, 
the percent error compared to analytical solution varied between 10 to 15 percent, 
whereas the lattice-based peridynamic method had percent error ranging between 0 to 5 
percent for the benchmark problems.   
Although this study considered only linear elastic materials, development of a 
viable damage model can be very useful to predict crack initiation and propagation which 
actually would be simply the bond failure between the particles. With the help of this 
newer technique of peridynamic modeling, it may now be possible to apply the 
peridynamic method to analyze structures that previous versions of the peridynamic 
model were incapable of modeling. 
 Previously, the lattice model of material was very complicated to use and the 
establishment of lattice properties was very difficult. On the other hand, peridynamic 
method is simple to understand. The idea to combine the lattice model with peridynamic 
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model is the focus of this research. This idea is a new way of thinking about structures. 
The lattice-based peridynamic model together with advanced computer technology could 
be an excellent tool for a structural engineer to precisely predict behavior of structures.  
5.2 Future work 
 The following suggestions are made to improve the lattice-based peridynamic 
model for its successful application in civil engineering problems.  
 A viable damage model for the material needs to be developed to predict crack 
initiation and propagation. The damage model can be based on any valid approximation. 
A reliable empirical or experimental calibration should be sufficient to develop the 
damage model.  
 For this research, we considered only a hexagonal close-packed lattice. In future 
development, use of other geometries of the lattice may be considered. 
 For the benchmark problems, we only considered the two-dimensional case. The 
micro-elastic constants for the three-dimensional case are developed in this thesis. Three 
dimensional benchmark problems should also be investigated.  
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Appendix 
________________________________________________________________________ 
1. MATLAB program code (Function 1.1) for computation of 
micro-elastic constants in terms of conventional 
elastic constants for hexagonal close-packed lattice 
peridynamic continuum for two dimensional plane stress 
condition   
 
 
1.1  Function: micro_elastic_hex  
  
 
function micro_elastic_hex 
% find micro-elastic constants for hexagonal plane stress continuum 
syms AE IE E nu x y s t dV alp 
dV = sqrt(3)*(s^2)*t/2; 
  
RHS = (dV*E/(2*(1-nu^2)))*[1 nu 0; nu 1 0; 0 0 (1-nu)/2]; 
K = [AE*s/2 0 0; 0 6*IE/s 0; 0 0 6*IE/s]; 
  
LHS = zeros(3,3); 
alp = pi/3; 
  
for i = 1 : 3 
    t = alp + (i-1)*pi/3; 
    tran = [cos(t)*cos(t) sin(t)*sin(t) 0;  
-cos(t)*sin(t) cos(t)*sin(t) 0; 
         0 0 1]; 
     
    LHS = LHS + tran'*K*tran; 
     
end 
LHS = LHS *1;       %note: only 1/2 of each bond goes to dV! 
Eq1 = LHS(1,1)- RHS(1, 1); 
Eq2 = LHS(1,2)- RHS(1, 2); 
sol = solve(Eq1, Eq2, AE, IE); 
x1 = (sol.AE); 
y1 = (sol.IE); 
  
AE1 = simple(x1) 
IE1 = simple(y1) 
  
return 
________________________________________________________________________ 
88  
 
________________________________________________________________________ 
2. MATLAB program code (Function 2.1) for computation of 
micro-elastic constants in terms of conventional 
elastic constants for three dimensional hexagonal 
close-packed lattice peridynamic continuum. Function 
2.2 is the program to check the constants for any 
combination of lattice rotation around x, y and z 
axes.   
 
 
2.1  Function: micro_elastic_3D  
  
 
function micro_elastic_3D 
% find micro-elastic constants for 3D tetrahedral solid continuum 
s = 1; 
s3 = sqrt(3); 
s23 = sqrt(2/3); 
% 
% Graphical check whether the corordinates are in order 
% 
figure (1) 
xlabel 'x'; 
ylabel 'y'; 
zlabel 'z'; 
GRID MINOR 
plot3 (0,0,0,... 
            '--rs', 'LineStyle','none',... 
            'MarkerFaceColor','black',... 
            'MarkerEdgeColor', 'none',... 
            'MarkerSize',9); 
axis equal; 
hold on 
 
for j = 1 : 12 
    x = [1  1/2  -1/2   1/2  -1/2   0  -1  -1/2  1/2   -1/2   +1/2   0; 
0  s3/2 s3/2  1/(2*s3) 1/(2*s3) -1/s3 0 -s3/2 -s3/2 -1/(2*s3) -1/(2*s3) 1/s3; 
0   0     0    s23      s23      s23  0   0      0   -s23      -s23  -s23]*s; 
     
    if (x(3,j) < 0) 
        plot3 (x(1,j),x(2,j),x(3,j),... 
            '--rs', 'LineStyle','none',... 
            'MarkerFaceColor','g',... 
            'MarkerEdgeColor', 'none',... 
            'MarkerSize',6); 
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    elseif (x(3,j) > 0) 
        plot3 (x(1,j),x(2,j),x(3,j),... 
            '--rs', 'LineStyle','none',... 
            'MarkerFaceColor','yellow',... 
            'MarkerEdgeColor', 'none',... 
            'MarkerSize',6); 
         
    else 
        plot3 (x(1,j),x(2,j),x(3,j),... 
            '--rs', 'LineStyle','none',... 
            'MarkerFaceColor','m',... 
            'MarkerEdgeColor', 'none',... 
            'MarkerSize',6); 
     end 
end 
  
for j = 1 : 6 
    xc = [0     -1    1       0      1      -1; 
      2/s3  -1/s3 -1/s3   -2/s3  1/s3   1/s3; 
      s23   s23   s23     -s23   -s23   -s23]*s; 
     
    if (xc(3,j) <= 0)  
        plot3 (xc(1,j),xc(2,j),xc(3,j),... 
        '--rs', 'LineStyle','none',... 
        'MarkerFaceColor','r',... 
        'MarkerEdgeColor', 'none',... 
        'MarkerSize',6); 
    else 
        plot3 (xc(1,j),xc(2,j),xc(3,j),... 
        '--rs', 'LineStyle','none',... 
        'MarkerFaceColor','b',... 
        'MarkerEdgeColor', 'none',... 
        'MarkerSize',6); 
    end 
end 
  
clear s;  
  
syms AE IE AEc IEc E nu s dV  
LHS = zeros(3, 3); 
dV = (s^3)/sqrt(2); 
E_mat = [(1-nu) nu nu; nu (1-nu) nu; nu nu (1-nu)]*E/((1+nu)*(1-2*nu)); 
RHS = dV*E_mat/2; 
B_mat = [AE/(4*s) 0 0; 0 3*IE/(s^3) 0; 0 0 3*IE/(s^3)]; 
B_mat_c = [AEc/(4*sqrt(2)*s) 0 0;  
0 3*IEc/((sqrt(2)*s)^3) 0;  
0 0 3*IEc/((sqrt(2)*s)^3)]; 
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% 
% Coordinates of the particles comprising the normal links 
% 
x = [1  1/2  -1/2   1/2    -1/2   0  -1  -1/2  1/2   -1/2       +1/2      0; 
0  s3/2 s3/2  1/(2*s3) 1/(2*s3) -1/s3 0 -s3/2 -s3/2 -1/(2*s3) -1/(2*s3) 1/s3; 
0   0    0    s23    s23      s23  0   0      0      -s23    -s23    -s23]*s; 
  
% 
% Coordinates of the particles comprising the cross links 
% 
  
xc = [0     -1    1       0      1      -1; 
      2/s3  -1/s3 -1/s3   -2/s3  1/s3   1/s3; 
      s23   s23   s23     -s23   -s23   -s23]*s; 
  
% 
% Energy from twelve normal links 
% 
  
for j = 1 : 12 
    Aj_1 = [x(1, j) 0 0; 0 x(2, j) 0; 0 0 x(3, j)]; 
    Lth = sqrt(x(1, j)^2 + x(2, j)^2 + x(3, j)^2); 
     
    L = x(1, j)/Lth; 
    M = x(2, j)/Lth;  
    N = x(3, j)/Lth; 
     
    SQT = sqrt(x(1, j)^2 + x(2, j)^2); 
    D = SQT/Lth;  
         
    if(SQT == 0) 
        T = [ 0 0 1; 
              0 1 0; 
             -1 0 0]; 
    else 
        T = [L        M        N; 
            -M/D      L/D      0; 
            -L*N/D   -M*N/D    D]; 
    end 
    A_mat = T*Aj_1; 
     
    LHS = LHS + A_mat.'*B_mat*A_mat; 
end 
  
clear Aj_1 Lth L M N SQT D 
% 
% Add in energy from cross links 
% 
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for j = 1 : 6 
    Aj_1 = [xc(1, j) 0 0; 0 xc(2, j) 0; 0 0 xc(3, j)]; 
    Lth = sqrt(xc(1, j)^2 + xc(2, j)^2 + xc(3, j)^2); 
    L = xc(1, j)/Lth; 
    M = xc(2, j)/Lth;  
    N = xc(3, j)/Lth; 
    SQT = sqrt(xc(1, j)^2 + xc(2, j)^2); 
    D = SQT/Lth; 
     
    if(SQT == 0) 
        T = [ 0 0 1; 
              0 1 0; 
             -1 0 0]; 
    else 
        T = [L        M        N; 
            -M/D      L/D      0; 
            -L*N/D   -M*N/D    D]; 
    end 
    A_mat = T*Aj_1; 
     
    LHS = LHS + A_mat.'*B_mat_c*A_mat; 
end 
  
Eq1 = LHS(1,1)- RHS(1, 1); 
Eq2 = LHS(1,2)- RHS(1, 2); 
Eq3 = LHS(1,3)- RHS(1, 3); 
Eq4 = LHS(3,3)- RHS(3, 3); 
  
sol = solve(Eq1, Eq2, Eq3, Eq4, AE, IE, AEc, IEc); 
  
AE_s = simplify(sol.AE)  
IE_s = simplify(sol.IE) 
AE_ss = simplify(sol.AEc) 
IE_ss = simplify(sol.IEc) 
  
z = 0.; 
AES = (eval(AE_s)); 
IES = (eval(IE_s)); 
AEL = (eval(AE_ss)); 
IEL = (eval(IE_ss)); 
  
return 
 
 
 
 
 
92  
 
 
 
2.2  Function: micro_elastic_3D_check_rotations  
  
 
function micro_elastic_3D_check_rotations 
% check micro-elastic constants for 3D tetrahedral solid continuum 
E = 1;  
nu = 0.20; 
s = 1; 
s3 = sqrt(3); 
s23 = sqrt(2/3); 
AES = -(2^(1/2)*( (E*s^4)/4))/(s^2*(2*nu^2 + nu - 1)); 
IES =  - 2^(1/2)*(E*s^4 - 4*E*nu*s^4)/(96*nu^2 + 48*nu - 48); 
AEL = - (E*nu*s^2)/(2*(2*nu - 1)*(nu + 1)); 
IEL = 0; 
dV = (s^3)/sqrt(2); 
E_mat = [(1-nu) nu nu; nu (1-nu) nu; nu nu (1-nu)]*E/((1+nu)*(1-2*nu)); 
RHS = dV*E_mat/2; 
B_mat = [AES/(4*s) 0 0; 0 3*IES/(s^3) 0; 0 0 3*IES/(s^3)]; 
B_mat_c = [AEL/(4*sqrt(2)*s) 0 0;  
0 3*IEL/((sqrt(2)*s)^3) 0;  
0 0 3*IEL/((sqrt(2)*s)^3)]; 
LHS = zeros(3, 3); 
  
x0 = [1  1/2  -1/2   1/2  -1/2    0  -1  -1/2  1/2   -1/2       +1/2      0; 
0  s3/2 s3/2  1/(2*s3) 1/(2*s3) -1/s3 0 -s3/2 -s3/2 -1/(2*s3) -1/(2*s3) 1/s3; 
0   0    0    s23   s23      s23  0   0      0    -s23     -s23    -s23]*s; 
  
xc0 = [0     -1    1       0      1      -1; 
      2/s3  -1/s3 -1/s3   -2/s3  1/s3   1/s3; 
      s23   s23   s23     -s23   -s23   -s23]*s; 
   
for tx = 0 : 0.1*pi : pi/2 
    for ty = 0 : 0.1*pi : pi/2 
        for tz = 0 : 0.1*pi : pi/2 
            LHS = zeros(3,3); 
            Tz = [cos(tz) sin(tz) 0; -sin(tz) cos(tz) 0; 0 0 1]; 
            Ty = [cos(ty) 0 sin(ty); 0 1 0; -sin(ty) 0 cos(ty)]; 
            Tx = [1 0 0; 0 cos(tx) sin(tx); 0 -sin(tx) cos(tx)]; 
            x = Tx*Ty*Tz*x0; 
            xc = Tx*Ty*Tz*xc0; 
                         
            for j = 1 : 12 
                Aj_1 = [x(1, j) 0 0; 0 x(2, j) 0; 0 0 x(3, j)]; 
                 
                Lth = sqrt(x(1, j)^2 + x(2, j)^2 + x(3, j)^2); 
                L = x(1, j)/Lth; 
                M = x(2, j)/Lth;  
93  
 
                N = x(3, j)/Lth; 
                SQT = sqrt(x(1, j)^2 + x(2, j)^2); 
                D = SQT/Lth;  
         
                if(SQT == 0) 
                    T = [ 0 0 1; 
                          0 1 0; 
                         -1 0 0]; 
                else 
                    T = [L        M        N; 
                        -M/D      L/D      0; 
                        -L*N/D   -M*N/D    D]; 
                end 
                 
                A_mat = T*Aj_1; 
                LHS = LHS + A_mat.'*B_mat*A_mat; 
            end 
             
            for j = 1 : 6 
                Aj_1 = [xc(1, j) 0 0; 0 xc(2, j) 0; 0 0 xc(3, j)]; 
                 
                Lth = sqrt(xc(1, j)^2 + xc(2, j)^2 + xc(3, j)^2); 
                L = xc(1, j)/Lth; 
                M = xc(2, j)/Lth;  
                N = xc(3, j)/Lth; 
                SQT = sqrt(xc(1, j)^2 + xc(2, j)^2); 
                D = SQT/Lth; 
                if(SQT == 0) 
                    T = [ 0 0 1; 
                          0 1 0; 
                         -1 0 0]; 
                else 
                    T = [L        M        N; 
                        -M/D      L/D      0; 
                        -L*N/D   -M*N/D    D]; 
                end 
                A_mat = T*Aj_1; 
                LHS = LHS + A_mat.'*B_mat_c*A_mat; 
            end 
            check = LHS - RHS; 
            angle = [tx ty tz]*180/pi 
            check_norm = norm(check)                 
        end 
    end 
end 
return 
_______________________________________________________________________ 
  
